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Abstract
We review the remarkable progress that has been made the last 15 years towards
the classification of supersymmetric solutions with emphasis on the description of
the bilinears and spinorial geometry methods. We describe in detail the geometry
of backgrounds of key supergravity theories, which have applications in the context
of black holes, string theory, M-theory and the AdS/CFT correspondence unveiling
a plethora of existence and uniqueness theorems. Some other aspects of supersym-
metric solutions like the Killing superalgebras and the homogeneity theorem are
also presented, and the non-existence theorem for certain smooth supergravity flux
compactifications is outlined. Amongst the applications described is the proof of the
emergence of conformal symmetry near black hole horizons and the classification of
warped AdS backgrounds that preserve more than 16 supersymmetries.
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1 Introduction
General relativity has brought a momentous change in the relationship be-
tween physics and geometry as the gravitational force at large scales is mod-
elled in terms of geometry. The relevant geometry involved is that of manifolds
equipped with a Lorentzian signature metric. The interplay between general
relativity and manifold theory has led to the rapid development of both fields.
The investigation of solutions of general relativity has had a profound impact
on our understanding of the universe and the matter it contains. It has led
to the introduction of black holes, the discovery of gravitational waves and to
cosmological models which describe the evolution of our universe.
Following the general relativity paradigm, supersymmetric systems, which in-
clude string theory and M-theory, admit a new class of solutions, the “super-
symmetric solutions”, which in addition to the field equations also solve the
Killing spinor equations (KSEs). These arise from the vanishing condition of
the supersymmetry variations of the fermions of these theories. It was soon
realized that such solutions may saturate certain Bogomol’nyi type bounds,
and because of this they are also called “BPS” solutions. In gauge theories su-
persymmetric solutions include monopoles and instantons which play a central
role in the understanding of strong coupling dynamics and non-perturbative
corrections to these theories. In gravity theories supersymmetric solutions in-
clude extreme black hole solutions for Einstein-Maxwell type theories, as well
as gravitational waves. In string theory and M-theory supersymmetric so-
lutions include compactification vacua, extreme black holes and brane solu-
tions. The latter are considered as the solitons of these theories and they have
played a central role in unravelling the string dualities and in the microstate
counting of black hole entropy, see [1–3]. These applications have continued
in the context of the AdS/CFT correspondence [4] as the gravitational back-
grounds which correspond to the vacuum states of dual superconformal theo-
ries are supersymmetric. There is a plethora of supersymmetric solutions and
the research is ongoing as they have widespread applications, for reviews see
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e.g. [5, 6]. The first systematic investigation of supersymmetric solutions was
done by Tod who used twistorial techniques to solve the KSE of minimal
N = 2 d = 4 supergravity and classify all such solutions [7].
The purpose of this review is to summarize the significant progress that has
been made the last 15 years in classifying the supersymmetric backgrounds.
The problem has been solved for a large number of supergravity theories and
the aim is to present the development and produce a guide to the field. The
focus will be to explain the methods that have been used for this as well as
to describe some of the key results that have been obtained. These include in-
sights into the structure of all supersymmetric solutions in some theories, and
the proof of existence and uniqueness theorems for several classes of solutions.
Other aspects of the supersymmetric solutions, like their Killing superalge-
bras, the homogeneity theorem and a non-existence theorem for de-Sitter and
Minkowski supergravity flux compactifications, are also included. The classi-
fication of maximal and near maximal supersymmetric backgrounds of some
supergravity theories is also described. Applications of the results will also
be considered in the context of black holes, string theory, M-theory and the
AdS/CFT correspondence. Some aspects of the fascinating connection be-
tween supersymmetric backgrounds and special geometric structures will be
presented. A generalization of classic results like the Lichnerowicz theorem
will also be given as part of the proof of the horizon conjecture which explains
the emergence of conformal symmetry near supersymmetric Killing horizons.
The classification of warped AdS backgrounds that preserve more than 16 su-
persymmetries in d = 11 and d = 10 type II supergravities is also included. As
part of the review, many of the proofs of key statements and examples given
in the literature have been extensively reworked. As a result, their description
has become more concise and shorter than that in their original exposition.
The two methods that have been extensively used to classify supersymmetric
backgrounds, and which will be reviewed here, are the bilinears or G-structure
method proposed by Gauntlett, Gutowski, Hull, Pakis and Reall [8] and the
spinorial geometry method proposed by Gillard, Gran and Papadopoulos [9].
The use of these two methods is sufficient to describe all results that have been
obtained in the literature, apart from the maximally supersymmetric solutions
which are classified using a technique introduced in [10]. Both methods are
explained in a simple example, the solution of the gaugino KSE on R6, where
their individual features are illustrated. Moreover, the solution of the KSE
of minimal N = 1 d = 5 supergravity is described employing both methods.
The spinorial geometry method in particular is used in the classification of
backgrounds which preserve a near maximal number of supersymmetries.
Apart from the description of the two methods, the classification of supersym-
metric solutions of minimal N = 2 d = 4, N = 1, d = 4, N = 1 d = 5 and
N = (1, 0) d = 6 supergravities will be presented. In addition, the solution
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of the KSEs of heterotic supergravity will be described together with general
theorems on the existence of certain classes of solutions. Aspects of the su-
persymmetric solutions of d = 11 and d = 10 type II supergravities will be
explained. These include the solutions of the KSEs for one and nearly maximal
number of Killing spinors. The classification of nearly maximal and maximal
supersymmetric backgrounds of d = 11 and d = 10 type II supergravities
will also be given. As an application we present the horizon conjecture and
its proof in the context of d = 11 supergravity which amongst other things
demonstrates that SL(2,R) generically emerges as a symmetry of near hori-
zon geometries. The review will conclude with the computation of the Killing
superalgebras of warped AdS backgrounds, and the proof of existence and
uniqueness theorems for AdS backgrounds that preserve more than 16 super-
symmetries.
2 Methods for solving KSEs
2.1 KSEs and supersymmetry
The KSEs of supergravity theories are the vanishing conditions of the super-
symmetry variations of the fields. These are evaluated in the sector where all
fermions vanish, which in turn implies that the supersymmetry variations of
the bosons are identically zero. The remaining equations are a parallel trans-
port equation for the supercovariant connection, D, which is associated with
the supersymmetry variation of the gravitino, ψ, and some algebraic equa-
tions which are associated with the supersymmetry variations of the remaining
fermions, λ. In particular, one has
δψM |ψ,λ=0 = DM ǫ = 0 , δλ|ψ,λ=0 = A ǫ = 0 , (1)
where the spinor indices have been suppressed,
DM ..= ∇M + σM(e, F ) , (2)
is the supercovariant connection, ∇ is the spin connection of the spacetime
acting on the spinors,
∇M ..= ∂M + 1
4
ΩM ,ABΓ
AB , (3)
and σ(e, F ) is a Clifford algebra element which depends on the spacetime
coframe e and the fluxes F . The expression of σ(e, F ) in terms of the fields
7
is theory dependent. The second KSE in (1) does not involve derivatives on
ǫ, i.e. it is algebraic, and A is a Clifford algebra element that depends on the
fields. We use the notation, unless otherwise is explicitly stated, that capital
Latin letters from the middle of the alphabet and onwards denote spacetime
indices while capital Latin letters from the beginning of the alphabet de-
note coframe indices, i.e. the relation between the spacetime metric g and the
coframe e is gMN = ηABe
A
M
eB
N
. The spinor ǫ should be thought of as the param-
eter of the supersymmetry transformations and is taken to be commuting, see
appendix B for our spinor conventions.
The KSEs (1) are clearly linear in ǫ and at most first order.
- The solutions of the field equations of supergravity theories that admit a
non-vanishing ǫ which satisfies (1) are called supersymmetric.
- The number, N , of supersymmetries preserved by a background is the
number of linearly independent solutions ǫ that the KSEs (1) admit when
they are evaluated on the fields of the background.
Generically, there are always solutions which do not preserve any supersymme-
try. Conversely, the maximal number of supersymmetries that a background
can preserve is the number of supersymmetry charges of the theory.
2.2 Holonomy and gauge symmetry
To understand some of the properties of the KSEs, it is instructive to investi-
gate their integrability conditions. The first order integrability conditions can
be written schematically as
RMNǫ ..= [DM ,DN ]ǫ = 0 , [DM ,A]ǫ = 0 , [A,A]ǫ = 0 , (4)
whereR is the curvature of the supercovariant connection. As we shall describe
later these integrability conditions are also used in the investigation of the field
equations of supersymmetric backgrounds.
It is natural to focus first on the gravitino KSE, which is a parallel trans-
port equation. For a d-dimensional spacetime, the (reduced) holonomy group,
hol(∇), of the spin connection ∇ is contained in Spin(d − 1, 1). However be-
cause of the presence of fluxes, and in particular of the sigma term in (201),
the holonomy of the supercovariant connection, hol(D), is contained in an SL
group rather than a Spin group. In particular, the (reduced) holonomy of the
supercovariant connections of generic d = 11 [11–13] and type II supergravity
backgrounds [14] is contained in SL(32,R). A list of the holonomies of lower
dimensional supergravities can be found in [15].
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To see this, note that the Lie algebra of hol(D) is computed by evaluating the
supercovariant curvature R and its covariant derivatives DkR on spacetime
vector fields, and then look at the span of the resulting expressions. In partic-
ular for d = 11 supergravity R is given in (E.3). Observe that R(X, Y ), for
any two vector field X and Y , is a general Clifford algebra element as it is
expanded in all possible skews-symmetric products of gamma matrices apart
perhaps from that of the zeroth order. As a consequence of Clifford algebra
representation theory, the Lie bracket algebra of all skew-symmetric products
of gamma matrices of degree 1 and above is sl(32,R) in d = 11. This in turn
leads to the assertion that hol(D) is SL(32,R) as mentioned above.
This property of the holonomy of the supercovariant connection has important
implications in understanding the geometry of supersymmetric backgrounds,
see e.g. section 8.5. An immediate consequence is that standard techniques,
like the Berger classification, which are used to investigate the geometry of
manifolds that admit parallel spinors with respect to the Levi-Civita connec-
tion do not apply. As a result a new approach is needed to investigate the
solutions of KSEs and determine the geometry of solutions that admit Killing
spinors.
Another property of the KSEs, which is essential in understanding the su-
persymmetric solutions, is the gauge symmetry. The gauge transformations
of the Killing spinor equations are defined as the local transformations which
transform a spacetime coframe e, fluxes F and spinor ǫ but leave the KSEs
(1) covariant, i.e.
ℓD(e, F )ℓ−1 = D(eℓ, F ℓ) , ℓA(e, F )ℓ−1 = A(eℓ, F ℓ) . (5)
The gauge group G of most supergravity theories is smaller than the hol(D) of
generic backgrounds, and always contains Spin(d − 1, 1) as a subgroup. This
will be one of the ingredients of the spinorial geometry method.
2.3 The spinor bilinears or G-structure method
The bilinears or G-structure method was the first one to be used to system-
atically find all the solutions of minimal N = 1 d = 5 supergravity in [8].
It is based on the observation that for spinors ǫ1 and ǫ2, one can associate a
k-form,
τ =
1
k!
ǫ¯1ΓM1M2...Mkǫ2 dx
M1 ∧ dxM2 ∧ · · · ∧ dxMk , (6)
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which is clearly bilinear in the spinors ǫ1 and ǫ2, where any Spin(d − 1, 1)
invariant inner product can be used instead of the Dirac inner product indi-
cated here, see appendix B. From here on, we shall refer to these forms either
as “k-form bilinears” or simply “bilinears”. The 1-form bilinear is the familiar
Dirac current.
The existence of parallel spinors on simply connected Riemannian manifolds
is equivalent to the existence of parallel forms. Indeed, ∇ǫ = 0 implies that
∇τ = 0, where τ is any form constructed as a bi-linear of the parallel spinors.
Conversely, the existence of certain parallel forms imply that the holonomy
of the Levi-Civita connection, hol(∇), reduces to a subgroup of SO(d). Then
the spinor representations decomposed under hol(∇) have singlets which cor-
respond to the parallel spinors.
This way of solving parallel transport equations for spinors can be adapted
to the context of supergravity. One of the ingredients is to turn the KSEs
into equations for the form bilinears τ . In particular, the gravitino and the
algebraic KSEs in (1) imply that
∇AτB1...Bk − ǫ¯1ΓB1...BkσAǫ2 − ǫ1σAΓB1...Bkǫ2 = 0 ,
ǫ¯1ΓB1...BkAǫ2 = 0 , (7)
respectively, for every pair of Killing spinors ǫ1 and ǫ2. Expanding the σ and
A dependent parts in skew-symmetric powers of gamma matrices, the above
equations can be expressed as equations for the form bi-linears τ of ǫ, their
covariant derivatives ∇τ , and the fluxes of the supergravity theory. The re-
sulting equations that typically contain bilinears of different degree are solved
to express some of the fluxes in terms of the form bilinears τ and their space-
time derivatives. In addition, one also finds conditions on the spinor bi-linears
themselves. These are interpreted as the geometric conditions on the spacetime
geometry required so that it admits a Killing spinor ǫ.
Another ingredient that it is used to understand the geometry and topology
of spacetime and to solve (7) are the algebraic relations between the spinor
bi-linears τ . These arise as a result of Fierz identities. In particular, these can
be used to relate the wedge products of the various form bilinears. In turn,
these provide information about the topological G-structure of the underlying
manifold. Because of this, this method of solving KSEs is also referred to as
the G-structures method. An illustration of how the method works will be
given in section 2.5 to solve the KSE of d = 6 gauge theory.
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2.4 The spinorial geometry method
Spinorial geometry [9] is a method for solving the KSEs working directly with
the spinors. It is based on three ingredients. The first is the gauge symmetry
of the KSEs, the second is a description of spinors in terms of multi-forms and
third an oscillator basis in the space of Dirac spinors. These three ingredients
can be used to solve the KSEs as follows.
As the Killing spinor equations admit a gauge invariance, it is natural to
identify two backgrounds which are related by such transformations. As a
result, the gauge symmetry can be used to set the Killing spinors in a normal
or canonical form. This is equivalent to choosing representatives of the orbits
of the gauge group of the theory on the space of spinors.
The description of spinors in terms of multi-forms is used to explicitly give the
canonical forms of the Killing spinors up to a gauge transformation and leads
to a simplification of the computations. This realization of spinors in terms
of multi-forms is described in appendix B for both Euclidean and Lorentzian
signatures.
Furthermore, an oscillator basis in the space of Dirac spinors, together with
the linearity of the Killing spinor equations, are utilized to express the Killing
spinor equation as a linear system in terms of the fluxes and the geometry.
The latter is represented by components of the spin connection of spacetime.
This system is solved to express some of the fluxes in terms of the geometry
and to find the conditions on the geometry required for the existence of Killing
spinors.
The solution of the linear system for both the fluxes and geometry can always
be organized in representations of the isotropy group of the Killing spinors
in the gauge group of the supergravity theory under study. This is the case
even when the linear system is not manifestly expressed in representations of
the isotropy group of the Killing spinors but instead in representations of a
subgroup.
In the spinorial geometry approach, there is also a spacetime coframe, the
“spinorial geometry coframe”, adapted to the choice of the Killing spinor rep-
resentatives and to the spinor oscillator basis that is used to solve the KSEs.
The solution of the linear system is initially expressed in this coframe. Typ-
ically, the conditions on the spacetime geometry can be re-expressed as dif-
ferential relations between the form bilinears of the Killing spinors. Similarly,
the solution for the fluxes can be given in terms of the form bilinears, their
derivatives and the metric.
As spinorial geometry is rather efficient for solving KSEs for a small as well
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as a large number N of supersymmetries, many of the results in this review
have been described in this method. However, the illustrative example below,
as well as the solution of the KSEs of minimal d = 5 supergravity in section
5, have been described employing both methods to provide a description of
both approaches.
2.5 A gauge theory example
Before we proceed to describe the solution of the KSEs of supergravity theo-
ries, it is instructive to provide a simple example to illustrate how the bilinears
and spinorial geometry methods work. For this consider the gaugino KSE
FABΓ
ABǫ = 0 , (8)
on R6 equipped with the standard Euclidean metric, where we have suppressed
the gauge and spinor indices and ǫ is a constant Weyl spinor, ǫ ∈ ∆+(R6).
2.5.1 Solution using bilinears
To solve the gaugino KSE (8) in the bilinears method, consider the Fierz
identity given by
〈ǫ1, ǫ2〉〈ǫ3, ǫ4〉 = 1
4
〈ǫ1, ǫ4〉〈ǫ3, ǫ2〉 − 1
8
〈ǫ1,ΓABǫ4〉〈ǫ3,ΓABǫ2〉 , (9)
where ǫ1, ǫ2, ǫ3, ǫ4 ∈ c∆+(R6) and thus satisfy Γ7ǫr = iǫr, r = 1, 2, 3, 4 with
respect to chirality operator, Γ7 ..= Γ1 · · ·Γ6, and indices are raised and lowered
with the Euclidean metric. This is also equivalent to
〈ǫ3, ǫ4〉ǫ2 = 1
4
〈ǫ3, ǫ2〉ǫ4 − 1
8
〈ǫ3,ΓABǫ2〉ΓABǫ4 (10)
for ǫ2, ǫ3, ǫ4 ∈ c∆+(R6).
To proceed with the analysis, suppose that ǫ ∈ c∆+(R6). We define the real
2-form ω
ω =
i
2
〈ǫ,ΓMNǫ〉 dxM ∧ dxN . (11)
For convenience, we choose the normalization ‖ ǫ ‖= 1. Then, on setting
ǫ1 = ǫ2 = ǫ3 = ǫ4 = ǫ in (9), we find
ωABω
AB = 6 , (12)
and on setting ǫ2 = ǫ3 = ǫ4 = ǫ in (10), one obtains
ωMNΓ
MNǫ = 6iǫ . (13)
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Next, substituting ǫ1 = ǫ3 = ǫ and ǫ2 = ΓA
Lǫ, ǫ4 = ΓBLǫ in (9), and making
use of (12) together with the convention
ΓL1...L6ǫ = iǫL1...L6ǫ (14)
one derives the condition
ωA
LωBL = δAB . (15)
Therefore, on defining I by ωAB = δACI
C
B, I is a complex structure on R
6.
In order to find the conditions on F for the gaugino KSE (8) to admit a Killing
spinor, first note that this condition implies that
FAB〈ǫ,ΓABǫ〉 = 0 , (16)
and hence
FAB ω
AB = 0 . (17)
Furthermore, (8) also implies that
FC1C2〈ǫ,ΓABΓC1C2ǫ〉 = 0 . (18)
On taking the imaginary part of this identity, we find
FCDI
C
AI
D
B = FAB . (19)
The conditions (17) and (19) imply that F is traceless and (1, 1) with respect
to I, i.e. F satisfies the Hermitian-Einstein condition on R6.
The conditions (17) and (19) are also sufficient to ensure that there is a so-
lution ǫ 6= 0 to (8) with no further conditions imposed on F . This can be
straightforwardly shown by computing
‖ FABΓABǫ ‖2= 2F 2 − 〈ǫ, FABFCDΓABCDǫ〉 . (20)
The Fierz identities (12) and (13) together with (14) imply that
∗(ω ∧ ω) = 2ω , (21)
from which it follows that
〈ǫ,ΓABCDǫ〉 = −1
2
(ω ∧ ω)ABCD . (22)
On substituting (22) into (20) and making use of the conditions (17) and (19),
one can show that ‖ FABΓABǫ ‖= 0, and hence (8) holds.
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2.5.2 Solution using spinorial geometry
As Spin(6) = SU(4), the Weyl representation can be identified with the
fundamental representation of SU(4) on C4. Clearly (8) is covariant under
rigid Spin(6) transformations. This can be used to choose ǫ as follows. Ob-
serve that Spin(6) has a single type of non-trivial orbit on C4 which is S7.
As a result ǫ can be chosen to lie along any direction in C4. Identifying
C
4 = c∆+(R6) = Λ∗ev(C3), see appendix B, one can choose ǫ as ǫ = 1.
In such a case, the gaugino KSE (8) can be written in the oscillator basis of
appendix B as
(Fα¯β¯γ
α¯β¯ + 2Fαβ¯δ
αβ¯)1 = 0 , (23)
where we have used that γα1 =
√
2 ieα1 = 0. This implies that
Fα¯β¯ = 0 , Fαβ¯δ
αβ¯ = 0 , (24)
which can be recognized as the Hermitian-Einstein conditions on F written in
complex coordinates on R6. If F is real, then Fαβ = 0 and so in the language
of complex geometry F is a (1,1)- and Hermitian traceless form.
Clearly the conditions (24) on F are written in representations of the SU(3)
isotropy group of the Killing spinors. They can also be written covariantly
after using the 2-form bilinear
ω =
i
2
〈1,ΓMN1〉 dxM ∧ dxN = −iδαβ¯ dzα ∧ dzβ¯ , (25)
where z are complex coordinates on R6 with respect to the complex structure
I defined by ωAB = δACI
C
B. In particular, the conditions (24) can be rewritten
as (17) and (19). This type of procedure for finding solutions to the linear
system presented above can also be applied to all linear systems that arise in
the solutions of the KSEs of supergravity theories.
3 Minimal N = 2 d = 4 supergravity
The bosonic fields of the gravitational multiplet are a metric and an abelian
2-form gauge field strength F , dF = 0. The bosonic action is the Einstein-
Maxwell system. Since it describes the long range force fields of the cosmos,
it has been extensively investigated and its solutions include black holes with
electric and/or magnetic charges and gravitational waves. It also arises in
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various limits of higher dimensional theories which include string- and M-
theory. As a result, many of the brane configurations of these theories reduce
upon dimensional reduction to solutions of this minimal N = 2 supergravity.
Furthermore, this is the theory for which the KSE was first solved in full
generality [7] using twistorial techniques. Because of this, we shall begin the
investigation of gravitational theories with solving the KSE of this theory.
Here, we shall present the analysis employing the spinorial geometry method.
3.1 Fields and Killing spinors
3.1.1 KSE and field equations
The only fermionic field in the theory is a gravitino whose supersymmetry
variation gives the KSE
DMǫ = 0 , (26)
where the supercovariant connection, D, is
DM ..= ∇M + i4FABΓABΓM , (27)
∇ is the spin connection of the spacetime and the supersymmetry parameter
ǫ is a Dirac spinor of Spin(3, 1).
The supercovariant curvature, R, is
RMN ..= [DM ,DN ] =14RMN,ABΓAB −
1
2
FMAFNBΓ
AB − 1
2
∗FMA∗FNBΓAB
− 1
2
iΓAB[M∇N]F AB − i∇[MFN]AΓA , (28)
where R is the Riemann tensor of the spacetime which arises from the spin
connection term∇ inD and ∗F is the Hodge dual of F , ∗FAB = (1/2)FCDǫCDAB,
with ǫ0123 = 1. To derive (28), one also uses dF = 0.
For generic backgrounds the (reduced) holonomy of D is contained in SL(2,H)
[15]. The enhancement in holonomy from Spin(3, 1) of ∇ to SL(2,H) of D
is due to the linear and cubic terms in gamma matrices in the expression
for R above. This is a characteristic property of many supergravity theories
and some of its consequences will be explained below in section 3.3.2, see also
section 8.5.
The field equations of the theory can be derived from the supercovariant cur-
vature R. In particular one has
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ΓNRMN = −1
2
EMNΓ
N − i
2
LFNΓ
NΓM , (29)
where
EMN ..= RMN − 2FPMF PN + 1
2
F 2gMN = 0 , LFM ..= ∇NFNM = 0 , (30)
are the Einstein and Maxwell field equations, respectively. It is significant for
the investigation of solutions that some of the components of R are propor-
tional to the field equations. This will be used to demonstrate that some of
the field equations are implied from the KSEs.
3.1.2 Killing spinors
To solve the KSEs in the spinorial geometry approach, [9], one has to choose
a normal form for the Killing spinors. As described in appendix B, the space
of Dirac spinors can be identified with Λ∗(C2). The Weyl representation of
Spin(3, 1) = SL(2,C) is the fundamental representation of SL(2,C) on C2.
The chiral and anti-chiral spinors are identified with the even degree, Λev(C2),
and odd degree, Λodd(C2), forms, respectively. Observe though that in contrast
to the spinors of N = 1 d = 4 supergravity that will be investigated next, the
chiral and anti-chiral representations are not complex conjugate to each other
as the components of a Dirac spinor are independent. Let us assume without
loss of generality that the positive chirality component of ǫ does not vanish.
As SL(2,C) acts transitively on C2−{0}, the positive chirality component of
ǫ can always be chosen as the spinor 1. The isotropy group of the spinor 1
in SL(2,C) is C whose Lie algebra is spanned by {γ1−, γ 1¯−}, see appendix B.
The most general anti-chiral component of ǫ is ae1+ be2 for a, b ∈ C. If b 6= 0,
then the C isotropy group can be used to set a = 0. Thus the first Killing
spinor can locally be chosen as
either ǫ = 1 + b e2 , or ǫ = 1 + a e1 , (31)
where a, b become complex-valued functions on spacetime. The isotropy groups
of 1 + be2 and 1 + ae1 are {1} and C in SL(2,C), respectively. As we shall
demonstrate, the two Killing spinors give rise to two distinct types of geome-
tries on spacetime; one is associated with a time-like Killing vector field and
the other with a null one. Because of this, they are also referred to as the
time-like and null cases, respectively.
Before we proceed with the solution of the gravitino KSE (26), observe that
it is linear over C. This means that if ǫ is a Killing spinor, then i ǫ will also be
a Killing spinor. Furthermore, if ǫ is a Killing spinor, then both rBǫ = −Γ3 ∗ ǫ
and i rBǫ = −iΓ3 ∗ ǫ will also be Killing spinors because rB commutes with
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the KSE, see appendix B for the definition of rB. As these four spinors are
linearly independent over R, (26) admits either four or eight Killing spinors
as solutions. Therefore the Einstein-Maxwell system admits supersymmetric
solutions which preserve either half or all of the supersymmetry of the theory.
3.2 Case 1: ǫ = 1 + be2
3.2.1 Solution of linear system
To construct the linear system apply the gravitino KSE (26) to the spinor
ǫ = 1 + be2 and expand the resulting expression in the basis {1, e12, e1, e2}
in the space of Dirac spinors. The vanishing of each component in this basis
yields
−1
2
ΩM ,+− +
1
2
ΩM ,11¯ +
i√
2
b (F−M − i ∗F−M)= 0 ,
−ΩM ,+1¯ + i√
2
b (F1¯M − i ∗F1¯M)= 0 ,
−bΩM ,−1¯ + i√
2
(F1¯M + i
∗F1¯M)= 0 ,
∂Mb+
b
2
(ΩM ,+− + ΩM,11¯) +
i√
2
(F+M + i
∗F+M)= 0 , (32)
where ∗F is the Hodge dual of F and ǫ−+11¯ = −i.
This linear system can be solved to give
Ω+,−+= ∂+ log b+ ∂+ log b¯ , Ω−,−+ = 0 , Ω1,−+ = ∂1 log b¯ ,
Ω+,−1¯=Ω1¯,−1¯ = 0 , Ω−,−1¯ = −(bb¯)−1∂1¯ log b , Ω1,−1¯ = ∂− log b ,
Ω+,+1¯=−b ∂1¯b¯ , Ω−,+1¯ = Ω1¯,+1¯ = 0 , Ω1,+1¯ = ∂+ log b¯ ,
Ω+,11¯= ∂+ log b¯− ∂+ log b , Ω−,11¯ = 0 , Ω1,11¯ = ∂1 log b¯ , (33)
with
∂+b = |b|2∂−b , (34)
and
F =− i√
2
∂−(b− b¯) e− ∧ e+ + i√2∂−(b+ b¯) e1 ∧ e1¯
+ i 1√
2
|b|−2(∂1¯b e1¯ − ∂1b¯ e1) ∧ e− + i 1√2(∂1¯b¯ e1¯ − ∂1b e1) ∧ e+ . (35)
Therefore all of the components of the spin connection and those of the flux
F are determined in terms of the complex function b.
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3.2.2 Geometry
To identify the geometry of the spacetime as a consequence of the conditions
(33) that arise from the KSE, it is useful to consider the 1-form bilinears of
the Killing spinors ǫ and ǫ˜ = Γ3 ∗ ǫ. These can easily be computed to find that
the linearly independent ones can be chosen as
X =
1
2
D(ǫ,ΓAǫ)e
A =
1√
2
(|b|2e+ − e−) ,
W 2 =
1
2
D(ǫ,Γ5ΓAǫ)e
A =
1√
2
(|b|2e+ + e−) ,
W 3 + iW 1 = −1
2
D(ǫ˜,Γ5ΓAǫ)e
A =
√
2 i b e1 , (36)
which give rise to four real 1-forms X,W 1,W 2,W 3 on spacetime. These are
orthogonal and X is timelike, g(X,X) = −|b|2, and the remaining three are
spacelike, g(W i,W j) = |b|2δij .
The conditions on the geometry can be rewritten in terms of the 1-form bilin-
ears as
LXg = 0 , dW i = 0 , (37)
i.e. X is Killing and W i are closed. Furthermore, a consequence of dF = 0
and (35) is that LXF = 0 and therefore the flux F is invariant as well. It can
be shown that LXǫ = 0, where LX is the spinorial Lie derivative
LX = ∇X + 1
8
(dX)ABΓ
AB , (38)
along the Killing vector field X . The significance of LXǫ = 0 will become
apparent in the description of the Killing superalgebras of supersymmetric
backgrounds.
From here on, we denote by X both the 1-form bilinears of the Killing spinors
and their associated vector fields which leave all fields of supersymmetric back-
grounds invariant. Such an identification is justified because the spacetime
metric induces an isomorphism between the cotangent and tangent bundles of
a spacetime.
3.2.3 Special coordinates
One can introduce a set of local coordinates (t, xi) on the spacetime as X = ∂t
and W i = dxi. (34) implies that ∂tb = 0. In these coordinates, the metric and
flux F are written as
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ds2 = −|b|2(dt+ ωi dxi)2 + |b|−2δijdxidxj ,
F = −d(Im b) ∧ (dt+ ωidxi) + 12 |b|−2 ∗3 d(Re b) , (39)
where the Hodge duality operation ∗3 is taken with respect to the Euclidean
3-metric and
dω = − ∗3 Y , Yi = i|b|−2∂xi log
b
b¯
. (40)
The equations (39) and (40) summarize all the conditions on the fields implied
by the KSE.
3.2.4 Solutions
To find solutions, one has to solve the field equations and the Bianchi identity,
dF = 0, of the theory. However, the Einstein equation is implied by the
KSE, the Maxwell equation of F and dF = 0. To see this, assuming the field
equation for F one has from the integrability condition of the KSE (29) that
EABΓ
Bǫ = 0. Taking the Dirac inner product with the Killing spinor ǫ, one
deduces that
EABX
B = 0 . (41)
So everywhere that |b| 6= 0, EA0 = 0 asX = |b|e0 is along the coframe direction
e0. Next acting on EABΓ
Bǫ = 0 with EACΓ
C and using that EA0 = 0, one finds
that
EAiEA
i = 0 , no summation over A , (42)
as ǫ 6= 0. In turn (41) and (42) imply that EAB = 0 and the Einstein equation
is satisfied. Therefore to find solutions, one has to solve the field equation of
F and dF = 0.
To find electric or magnetic solutions, one has to take b to be imaginary or
real, respectively. In such case, the field equation for F , or dF = 0, imply
that |b|−1 is a harmonic function on R3. The solutions are static, dω = 0.
For |b|−1 = 1 +Q/|x|, one recovers the electric or magnetic extreme Reissner
- Nordstro¨m black holes. If |b|−1 is chosen to be a multi-centered harmonic
function on R3, one finds the Majumdar and Papapetrou [16,17], multi-black
hole solutions.
The theory admits dyonic black holes for b = |b|eiα, where α is a constant phase
and |b|−1 is a harmonic function on R3. The solutions are again static. It can
be seen from (40) that these are the most general static black hole solutions
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that preserve some supersymmetry [18]. Rotating black hole solutions, dω 6= 0,
have been considered by Israel, Wilson and Perjes [19,20]. These are the most
general stationary supersymmetric black hole solutions [7] of the theory.
3.3 Case 2: ǫ = 1 + ae1
3.3.1 Solution of linear system
Evaluating the KSE on ǫ = 1 + ae1, and expanding the resulting equation in
the spinor basis {1, e1, e2, e12}, one finds the linear system
1
2
(ΩM ,−+ + ΩM ,11¯) +
i√
2
a (F1M − i ∗F1M) = 0 ,
ΩM ,1¯+ +
i√
2
a(−F+M + i ∗F+M) = 0 ,
∂Ma +
1
2
a (ΩM ,−+ − ΩM ,11¯) + 1√
2
(F1¯M + i
∗F1¯M) = 0 ,
−aΩM ,1+ + i√
2
(F+M + i
∗F+M) = 0 , (43)
where ∗F is the spacetime Hodge dual of F as in (32).
Suppose first that a 6= 0. In such case, the non-vanishing components of the
spin connection are ΩM ,−1, ΩM ,−1¯ and
Ω−,−+ = −∂− log(aa¯+ 1) , Ω−,11¯ = a¯∂−a− a∂−a¯
aa¯+ 1
, (44)
with
∂1a = ∂1¯a = ∂+a = 0 , (45)
and the flux is given by
F = − i√
2(aa¯ + 1)
(
∂−a¯ e1 − ∂−a e1¯
)
∧ e− . (46)
On the other hand, if a = 0, then F = 0 and the non-vanishing components
of the spin connection are ΩM ,−1 and ΩM,−1¯.
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3.3.2 Geometry
To investigate the geometry of spacetime, one can compute the form ilinears
or equivalently explore the restrictions on the coframe that arise from the
vanishing conditions on the components of the spin connection. In particular
one finds that the null 1-form bilinear
X = (1 + aa¯)e− , (47)
is ∇-parallel, ∇AX = 0. Therefore these backgrounds are pp-waves. The rest
of the conditions on the spacetime can be recovered by asserting that
α = β e− ∧ e1 , ∂− log β = −2(1 + aa¯)−1a∂−a¯ , (48)
is parallel, ∇Aα = 0, with ∂+β = ∂1β = ∂1¯β = 0. Therefore the full geometric
content of spacetime is to admit a parallel real null 1-form and a parallel com-
plex null 2-form. The geometry of backgrounds with a = 0 can be described
in a similar way.
A feature of the geometry of supersymmetric backgrounds in d = 4 is that the
orbit type of the Killing spinor can change under parallel transport. This is due
to the fact that the holonomy of the supercovariant connection is contained in
SL(2,H) instead of Spin(3, 1). So it is possible to begin with a Killing spinor
with isotropy group {1} and after parallel transport with the supercovariant
connection D to end up with a Killing spinor with isotropy group C. In such
a case, the 1-form bilinear X will change from timelike to null. Such a phe-
nomenon occurs in black hole solutions with a Killing horizon for which the
stationary Killing vector field coincides with the vector bilinear. Therefore the
description of the geometry here and in section 3.2.2 is local. A more detailed
discussion of this, and how it is related to G-structures, will be given in section
8.5.
3.3.3 Special coordinates
As de− = 0, introduce a coordinate v and set e− = dv. Furthermore, adapt a
coordinate u along X ,X = ∂u. As all the fields and form bilinears are invariant
under u, a coframe can be chosen as
e− = dv , e+ = (1 + aa¯)(du+ V dv + nIdyI) , ei = eiIdy
I + pidv , (49)
where all components are u independent. A further simplification is possible
as the choice of the coframe {e−, e+, ei : i = 1, 1¯}, is not unique. Indeed the
local coframe rotation
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e− → e− , e+ → e+ − qi ei − 1
2
q2 e− , ei → ei + qi e− , (50)
leaves all the geometric data invariant, including the form bilinears and the
fields of the theory. The parameter q is a local gauge transformation which
takes values in the isotropy group C of the Killing spinor. A more formal
treatment of this will be given in the discussion of the geometry of d = 6
supergravity backgrounds in section 6.2.1. Thus up to a possible rotation (50),
one can choose a coframe (49) with p = 0. The remaining description of the
geometry and solutions will be conducted in such a coframe.
The condition ∇iα = 0 in (48) implies that the coframe {e1, e1¯} can be chosen
to be independent of yI. To summarize, the metric and flux can be chosen as
ds2=2(1 + aa¯)dv(du+ V dv + nIdy
I) + δije
i
I
(v)ej
J
(v)dyIdyJ ,
F =− i√
2(aa¯+ 1)
(
∂−a¯ e1I (v)− ∂−a e1¯I (v)
)
dyI ∧ dv , (51)
where V can depend on both v and y coordinates and d˜n depends only on
v, where d˜n ..= 1
2
(dn)ij e
i ∧ ej . The latter property arises after computing the
spin connection in this coframe and comparing it with the second condition
in (44).
3.3.4 Solutions
To find solutions, one has to solve the field equations and the Bianchi identity
dF = 0 of the theory. Observe that the field equation for F and its Bianchi
identity are automatically satisfied. Furthermore, some components of the
Einstein equation are also implied from the KSE. The argument for this is
similar to that presented in section 3.2.4. In particular, one has from the
integrability condition of the KSE (29) that EABΓ
Bǫ = 0. Taking the Dirac
inner product with the Killing spinor ǫ, one deduces that EABX
B = 0. So
EA+ = 0 as X = (1+aa¯)e
− is along the coframe direction e−. Next, acting on
EABΓ
Bǫ = 0 with EACΓ
C and using that EA+ = 0, one finds that EAiEA
i = 0
as ǫ 6= 0, where there is no summation over the index A. Therefore all the field
equations are satisfied provided that E−− = 0.
A large class of solutions can be found after assuming in addition that ∂v
leaves all the fields invariant, i.e. a is constant. Then F = 0, d˜n = 0 and
ei = dyi. The spacetime can locally be viewed as a fibration having fibre R2
with coordinates (u, v) over a base space B2 = R2 with coordinates yi. The
Einstein equation E−− = 0 gives that
∂2V = 0 , (52)
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i.e. V is a harmonic function on R2. A large class of solutions can be found
for V = Q log |y|2 + Aijyiyj and n = δijyidyj, where Q is a constant and the
constant real matrix (Aij) is traceless, δ
ijAij = 0.
3.4 Maximally supersymmetric solutions
For maximally supersymmetric solutions the supercovariant curvature R in
(28) must vanish. In particular the linear term in gamma matrices gives that
∇[MFN]L = 0 which together with dF = 0 imply that ∇F = 0. Thus F is
parallel. Then the terms quadratic in the gamma matrices in (28) imply that
the spacetime curvature R is parallel as well, ∇R = 0. Therefore the spacetime
is a Lorentzian symmetric space and F is an invariant 2-form. Lorentzian
symmetric spaces, up to discrete identifications, are products of de-Sitter dSn,
anti-de-Sitter AdSn, Cahen-Wallach CWn and Minkowski R
n−1,1 spaces with
Euclidean signature symmetric spaces [21]. A description of de-Sitter dSn and
anti-de-Sitter AdSn spaces can be found in [22], and for the Cahen-Wallach
spaces see appendix C.2.
After some investigation, the maximal supersymmetric solutions of minimal
N = 2 supergravity are locally isometric to
- AdS2 × S2 with metric and flux
ds2 = ℓ2 d˚s2(AdS2) + ℓ
2 d˚s2(S2) ,
F = µ ˚dvol(AdS2) + ν ˚dvol(S
2) , (53)
with ℓ2 = µ2 + ν2 and ℓ, µ, ν ∈ R, ℓ 6= 0.
- the plane wave CW4 with metric and flux
ds2 = 2dvdu+ Aijx
ixjdv2 + δijdx
idxj ,
F = µidv ∧ dxi , (54)
with A = −µ2diag(1, 1) and µ 6= 0.
- and Minkowski spacetime R3,1 for which F = 0.
where d˚s2 and ˚dvol denote the metrics and volume forms of the indicated
spaces with radii normalized to one, respectively.
3.5 Classification of non-minimal N = 2 supergravity solutions
After the first classification of N = 2 supergravity solutions in [7], further ex-
tensions of this work to include dilaton and axion scalar fields were constructed
in [23], using the same techniques. The solutions again split into timelike and
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null cases; and the timelike solutions have a metric whose form is identical
to that given in (39), though the conditions on the terms appearing in the
metric receive modifications if additional scalar fields are present. The next
theory to be considered was the minimal gauged supergravity. It was known
for some time that this theory contains dyonic black holes [24], so a system-
atic understanding of the supersymmetric solutions was of particular interest.
In [25] the classification was performed using the bilinears method; the pres-
ence of the negative cosmological constant deforms the transverse 3-manifold,
which appears in the timelike class of solutions as R3, to a more general class
of 3-manifold, which admits a Riemannian Weyl structure. Other interesting
solutions whose supersymmetry was investigated using these techniques are
supersymmetric Plebanski-Demianski geometries, and the C-metric [26, 27].
The minimal gauged supergravity analysis was then further extended in [28],
both in terms of constructing new examples of solutions, and in terms of
investigating solutions with extended supersymmetry. In particular, solutions
of the ungauged theory preserve either N = 4 or N = 8 supersymmetry,
whereas in the gauged theory N = 2, N = 4, N = 6 and N = 8 solutions
are in principle allowed. It was shown in [28] by considering explicitly the
integrability conditions of the KSE that all null solutions with N = 6 solutions
must be locally isometric to the unique maximally supersymmetric solution
AdS4; this result was also shown to hold for the timelike class in [29], using
spinorial geometry techniques. Further classification, via spinorial geometry,
of the solutions with N = 4 supersymmetry was done in [30], subject to
the assumption, for solutions entirely in the timelike class, that the spinorial
Lie derivative of the additional Killing spinor with respect to the isometry
generated by the first spinor vanishes.
Numerous solutions have also been found for N = 2 supergravity coupled
to vector multiplets. For the case of the ungauged theory, a large class of
solutions in the timelike class, including electrically and magnetically charged
black holes, were found in [31]. These solutions, for which the metric takes
the same form as in the minimal theory (39), were found by proposing a
particular ansatz. Later, it was shown in the classification of [32], using the
bilinears method, that the timelike solutions found in [31] are in fact the most
general possible, and all null solutions were also determined.
Black hole solutions in gauged supergravity coupled to vector multiplets were
also constructed in [33], [34] and [35]. The systematic classifications of solu-
tions of gauged supergravity coupled to vector multiplets were constructed
in [36] and [37]. In this case, solutions with N = 2 supersymmetry were classi-
fied using spinorial geometry techniques, and in the timelike class the general
form of the metric is again a U(1) fibration over a 3-dimensional transverse
manifold admitting a Riemannian Weyl structure. Using these results, novel
examples of black holes were found [38,39]; further examples of supersymmet-
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ric asymptotically AdS4 black holes were considered in [40] and [41]. Solutions
in the timelike class with extended N = 4 supersymmetry were then classified
using spinorial geometry techniques in [42], again subject to the assumption
that the spinorial Lie derivative of the additional Killing spinor with respect
to the isometry generated by the first spinor vanishes. A further generaliza-
tion to include non-abelian vector multiplets, using the bilinears method, was
made in [43].
Additional generalizations have also been made to include both vector and
hypermultiplets. Supersymmetric solutions in the ungauged theory coupled to
arbitrary vector and hypermultiplets were classified in [44]. One novel feature
of the results of this work is that solutions in the timelike class no longer have
a metric of the form given in (39), but instead have geometries which are U(1)
fibrations over a 3-manifold whose spin connection is determined by the pull-
back of a certain quaternionic SU(2) connection. The extension of this analysis
to gauged supergravity coupled to vector and hypermultiplets was carried
out in [45], and supersymmetric black holes coupled to hypermultiplets were
constructed in [46], which also included a (partial) classification of solutions.
These classifications all employ the bilinears method.
Higher derivative solutions have also been considered in specific examples.
In [47], an ansatz for stationary solutions in supergravity coupled to vector and
hypermultiplets, including higher derivative terms was considered. The con-
ditions imposed by supersymmetry were derived, assuming that the Killing
spinors satisfied a certain projection. It would be of interest to construct a
systematic classification of supersymmetric solutions of higher derivative su-
pergravity in four dimensions.
Supersymmetric solutions of various N > 2 theories have also been classi-
fied in [48], further generalizing the earlier analysis of [23]; as well as that
in [49]. Theories with novel signature have been considered as well. The sim-
plest case is minimal Euclidean supergravity with a single Maxwell field, [50]
and [51], whose supersymmetric solutions were classified via spinorial geome-
try. Solutions of minimal gauged supergravity with (2,2) signature were also
classified using the bilinears method in [52]. These include geometries involv-
ing Gauduchon-Tod structures, which also appear in various other types of
d = 4 and d = 5 supergravity theories with non-standard couplings, such as
de-Sitter supergravities and other pseudo-supergravities; we shall not consider
such theories here.
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4 N = 1 d = 4 supergravity
Next we shall describe the solutions to the KSEs of N = 1 d = 4 supergravity
coupled to any number of (non-abelian) vector and scalar multiplets [53], see
also [54] for the treatment of a special case. For the construction of the theory
see [55] and references therein. This theory is one of the most phenomenolog-
ically attractive in the context of supersymmetry. Furthermore, as we shall
demonstrate the KSEs can be solved exactly for any number of supersymme-
tries.
The bosonic fields of the theory, in addition to the metric, are the vector gauge
potentials Aa and the scalars φi. The latter are functions on the spacetime
with values in a Ka¨hler manifold S. We shall refer to S as the “scalar” or
“sigma model” manifold. The Ka¨hler geometry on S arises as a consequence
of the invariance of the action under the supersymmetry transformations of
the theory. The rest of the relevant properties of the theory, including the
couplings, will be described below along with the KSEs.
4.1 Fields and spinors
4.1.1 Killing spinor equations
The KSEs of N = 1 supergravity coupled to any number of (non-abelian)
vector and matter multiplets can easily be read off from the supersymmetry
transformations of the fermions of the theory. These are the gravitino KSE
∇MǫL + 1
4
(∂iKDMφi − ∂i¯KDMφi¯)ǫL +
i
2
e
K
2 WΓMǫR = 0 , (55)
the gaugino KSE
F a
MN
ΓMNǫL − 2iµaǫL = 0 , (56)
and the KSE associated with the scalar multiplets
iΓMǫRDMφi − eK2 Gij¯Dj¯W¯ ǫL = 0 , (57)
where ∇ is the spin connection, φi is a complex scalar field, K = K(φi, φj¯) is
the Ka¨hler potential of the scalar manifold S, whose metric is Gij¯ = ∂i∂j¯K,
W = W (φi) is a (local) holomorphic function on S,
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DiW = ∂iW + ∂iKW , DMφi = ∂Mφi − AaMξia , (58)
ξa are holomorphic Killing vector fields on S, A
a is the gauge connection with
field strength F a and µa is the moment map, i.e.
Gij¯ξ
j¯
a = i∂iµa . (59)
We mostly follow the metric and spinor conventions of [55]. In particular,
the spacetime metric has signature mostly plus, ǫ is a Majorana spinor and
ǫL,R =
1
2
(1± Γ5)ǫ, where Γ25 = 1. We have set the gauge coupling to 1.
The gravitino KSE is a parallel transport equation for a connection which,
apart from the Levi-Civita part, contains additional terms that depend on the
matter couplings. The gauge group of the KSEs is Spinc(3, 1) = Spin(3, 1)×Z2
U(1). The Spin(3, 1) part acts on ǫ with the Majorana representation while
U(1) acts on the chiral component ǫL with the standard 1-dimensional rep-
resentation and on the anti-chiral ǫR with its conjugate. The additional U(1)
gauge transformation is due to the coupling of the spinor ǫ to the U(1) con-
nection constructed from the Ka¨hler potential K associated with the matter
couplings. In what follows, we use only the Spin(3, 1) component of the gauge
group to locally choose the representatives of the Killing spinors.
4.1.2 Spinors
We have already described the Dirac spinors of Spin(3, 1) in the context of
N = 2 theory in section 3.1.2. Here the difference is that the supersymmetry
parameter ǫ is in the Majorana representation of Spin(3, 1). To impose the
reality condition required, let us identify the chiral representation with the
even forms, Λev(C2), and the anti-chiral with odd ones, Λodd(C2). The complex
conjugation operation is imposed by the anti-linear map, rA = −Γ012∗, r2A = 1,
see appendix B. There is one orbit of Spin(3, 1) = SL(2,C) on Λev(C2)−{0},
and so the chiral component of ǫ can be locally chosen as 1. Applying rA to
the spinor 1, one finds that a Majorana representative for the orbit is
ǫ = 1 + e1 , ǫL = 1 , ǫR = e1 . (60)
This can be chosen as the first Killing spinor of the theory. The isotropy group
of the spinor 1 in SL(2,C) is C. This remaining gauge symmetry will be used
later to choose the second Killing spinor.
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4.2 N=1 backgrounds
4.2.1 Solution of KSEs
Evaluating the KSEs on the first Killing spinor ǫ = 1 + e1, one finds a linear
system which relates some components of the spin connection to the fluxes
and matter couplings, and restricts the geometry of the spacetime. The con-
struction of the linear system is similar to that already described for in the
minimal N = 2 d = 4 theory and therefore we shall not give more details. The
solution of this linear system for the gravitino KSE gives
Ω+,+− = Ω+,11¯ = Ω+,+1 = Ω−,−+ = Ω1,+1¯ = Ω1,+1 = 0
Ω−,+1 + Ω1,+− = 0 , (61)
and
Ω−,11¯ +
1
2
(∂iKD−φi − ∂i¯KD−φi¯)= 0 ,
i
√
2e
K
2 W + 2Ω−,+1¯=0 ,
Ω−,+1 + Ω1,11¯ +
1
2
(∂iKD1φi − ∂i¯KD1φi¯)= 0 . (62)
The conditions in (61) are considered as restrictions on the geometry of space-
time while the conditions in (62) are thought of as an expression of the fluxes
in terms of the geometry.
Similarly, the solution of the linear system for the gaugino (56) and the matter
multiplet (57) Killing spinor equations gives
F a+1 = F
a
+− = 0, F
a
11¯ − iµa = 0 , (63)
and
D+φi = 0,
√
2iD1φi = eK2 Gij¯Dj¯W¯ , (64)
respectively. In what follows, we explore the consequences of the above condi-
tions on the geometry of spacetime.
4.2.2 Geometry
To proceed, the metric in the spinorial geometry coframe is
ds2 = 2e−e+ + 2e1e1¯ . (65)
The form bilinears associated with the Killing spinor ǫ are
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X = e− , τ = e− ∧ (e1 + e1¯) , (66)
and their spacetime duals. Observe that X is invariant under the U(1) trans-
formations generated by the Ka¨hler potential, while τ is not, and thus it is
a section of a U(1) bundle. The conditions on the geometry (61) can now be
re-written as
LXg = 0, e− ∧ de− = 0, e− ∧ e1¯ ∧ de1 = 0 . (67)
Observe also that e− ∧ e1 ∧ de1 = 0 and LXǫ = 0, where LX is the spinorial
Lie derivative (38).
The first condition in (67) implies that the metric admits a null Killing vector
field. While the second implies that the distribution defined by X is integrable.
Therefore, there is locally a function h such that e− = h dv for some coordinate
v. Adapting also a coordinate along X , X = ∂u, and after a coframe rotation
as in (50), the metric can be written as in (65) with
e− = h dv , e+ = du+ V dv + wIdxI , e1 = βIdxI , (68)
where u, v, xI, I = 1, 2, are real coordinates, and h, V, wI are real and β1, β2 are
complex spacetime functions, respectively. As the metric and the form bilinears
are invariant under the action of X , the coframe above can be chosen to be u
independent.
The conditions that relate the fluxes to the geometry in (62) can be rewritten
in terms of the form bilinears X and τ as
1
2
(∂iKD−φi − ∂i¯KD−φi¯) +∇−τ−1=0 ,√
2e
K
2 We− − ⋆(e1 ∧ de−) = 0 ,
⋆d(e− ∧ e1¯)− 1√
2
e
K
2 W¯e− − i
2
(∂iKD1φi − ∂i¯KD1φi¯)e−=0 , (69)
where the orientation of the spacetime is chosen as ǫ−+11¯ = −i.
To solve (63), one can locally always choose the gauge Aa+ = 0. The first two
conditions in (63) will then imply that the remaining components of A are
independent of u. There is no general procedure to give an explicit solution
for the last condition (63).
Next we turn to the conditions (64) that arise from the Killing spinor equations
of the matter multiplet. In the gauge Aa+ = 0, the first condition in (64)
implies that the scalar fields can be taken to be independent of u, ∂uφ = 0.
The last condition in (64) can be interpreted as a holomorphic flow equation.
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The construction of explicit solutions will depend on the form of the Ka¨hler
potential and W , i.e. on the details of the model. This concludes the solution
of the KSEs for one Killing spinor of N = 1 d = 4 supergravity coupled to
any number of vector and scalar multiplets.
4.3 N=2 backgrounds
4.3.1 Killing spinors
The first Killing spinor is the same as that of the N = 1 case investigated
above. So we set ǫ1 = ǫ, where ǫ is given in (60). To choose the second Killing
spinor, consider the most general Majorana spinor
ǫ2 = a1 + be12 + rA(a1 + be12) , a, b ∈ C . (70)
The isotropy group of ǫ1 in Spin(3, 1) is C. This can be used to simplify the
expression for ǫ2. There are two cases to consider. First if b = 0, the C isotropy
transformations leave ǫ2 invariant. Therefore, one can set
ǫ2 = a1 + a¯e1 . (71)
Linear independence of ǫ1 and ǫ2 requires that Im a 6= 0.
Next suppose that b 6= 0. Acting on ǫ2 with the isotropy group C of the first
Killing spinor with parameter λ, one has
ǫ′2 = (a+ λb)1 + be12 + rA[(a + λb)1 + be12] . (72)
Setting λ = −a
b
, one can choose a normal form for ǫ2 as
ǫ2 = be12 − b¯e2 . (73)
So the second Killing spinor ǫ2 can be locally chosen either as in (71) or as in
(73) with a, b promoted to complex spacetime functions.
4.3.2 Solution of KSEs for ǫ2 = a1 + a¯e1
Consider first the case for which ǫ2 = a1 + a¯e1. The linear system is easy
to read off from that of the N = 1 case. In particular, the supercovariant
connection along the − light-cone direction gives
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2aΩ−,+1¯ + i
√
2a¯e
K
2 W = 0 . (74)
Comparing this condition with those of the N = 1 case in (62), one concludes
that either W = 0 on the field configurations φ of the solution or a = a¯. If
the latter is the case, then it turns out that a is also constant and so ǫ2 is not
linearly independent of ǫ1.
Therefore, for these N = 2 solutions, we have to choose W = 0. After some
further investigation of the gravitino and scalar multiplets KSEs, we find that
the conditions for N = 2 supersymmetry are
ΩA,+B = Ω+,11¯ = 0 , ∂Aa = 0 , (75)
and
Ω−,11¯ +
1
2
(∂iKD−φi − ∂i¯KD−φi¯) = 0 , Ω1,11¯ − 12∂i¯KD1φ
i¯ = 0 ,
W = ∂jW = 0 , D1φi = D+φi = 0 . (76)
Therefore a is constant. There are no additional conditions that arise from the
gaugino Killing spinor equation apart from those that we have found in the
N = 1 case (63).
4.3.3 Solution of KSEs for ǫ2 = be12 − b¯e2
A direct substitution of ǫ2 = be12 − b¯e2 into the gravitino KSE reveals that
∂+b = 0 , bΩ+,−1 + b¯Ω−,+1¯ = 0 ,
∂−b− Ω−,11¯b = 0 , Ω−,−1 = 0 ,
∂1b− b(Ω1,−+ + Ω+,−1 + Ω1,11¯) = 0 , Ω1,−1 = 0 ,
∂1¯b− bΩ1¯,11¯ = 0 , Ω1¯,−1 = 0 , (77)
where we have used the N = 1 relations in (61) and (62) to simplify the
expressions. Similarly, the gaugino KSE gives
F a−1 = 0 , F
a
11¯ + iµ
a = 0 . (78)
Furthermore, the KSEs associated with the matter multiplets evaluated on ǫ2
reveal that
D−φi = 0 , i
√
2 b¯ D1¯φi + beK2 Gij¯Dj¯W¯ = 0 . (79)
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One can easily combine the above conditions with those described in (61),
(62), (63) and (64) which arise from demanding that ǫ1 is a Killing spinor.
Below we shall describe the consequences that all these conditions have on
the spacetime geometry and the restrictions they impose on the fields.
4.3.4 Geometry of N = 2 backgrounds
Case 1: ǫ2 = a1 + a¯e1
The geometric conditions (75) imply that
∇AXB = 0 , e− ∧ e1¯ ∧ de1 = 0 , (80)
where X = e−. Thus the spacetime admits a null parallel vector field X . Note
also that as a consequence of the above conditions LXǫ1 = LXǫ2 = 0, where
LX is the spinorial Lie derivative defined in (38).
Apart from X , the spacetime admits a 2-form bilinear ρ = e− ∧ e1. Observe
that τ in (66) is the real part of ρ. The investigation of the conditions in (76)
is similar to those in (62) and (64) in the N = 1 case. In particular, we have
1
2
(∂iKD−φi − ∂i¯KD−φi¯) +∇−τ−1=0 ,
⋆d(e− ∧ e1¯) + i
2
∂i¯KD1φi¯e−=0 ,
W = ∂jW = 0 , D1φi = D+φi=0 . (81)
It is apparent from this that the scalar fields must lie on both the vanishing
locus and critical points of W . Furthermore, they obey a light-cone holomor-
phicity condition as a consequence of the last two conditions in the above
equation. Observe that the distribution spanned by (∂+, ∂1) is integrable as
de− = 0, and de1¯(∂+, ∂1) = 0. A coframe can be chosen as in (68) but now
with h = 1. Further simplifications are possible in special gauges. For example
one can choose Aa+ = A
a
1 = 0 as F+1 = 0. For more details on the geometry of
these solutions see [53].
The physical interpretation of spacetimes with a null parallel Killing vector
field is that of a pp-wave. However this class also includes the cosmic string
solutions [56] and their generalizations [57, 58].
Case 2: ǫ2 = be12 − b¯e2
To analyze the conditions (77) which arise from the KSEs, it is convenient to
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define the 1-forms
X = e−, Y = |b|2e+, Z = b¯e1 + be1¯, V = ib¯e1 − ibe1¯ . (82)
Observe that Z is orthogonal to X, Y, V , and V is orthogonal to X, Y, Z. Then
it is straightforward to show that the Killing spinor equations imply that X ,
Y and Z are all Killing vectors. Furthermore, V is closed, dV = 0. In addition,
one finds the following commutators
[V,X ] = [V, Y ] = [V, Z] = 0 , (83)
and
[X, Y ] = cZ, [X,Z] = −2cK, [Y, Z] = 2cY , (84)
where c = b(Ω−,+1 − Ω+,−1).
Consider the commutator [X, Y ] = cZ. Since V commutes with the other
three vector field, the Jacobi identity implies that V c = 0. Similarly, the
Jacobi identity for Z,X and Y together with the linear independence of these
three vector field imply that Xc = Y c = Zc = 0. So c can be taken to be a
constant.
Next, since Z and V commute one can choose coordinates x, y such that
Z = ∂x and V = ∂y. Moreover, the rest of the commutators imply that there
are additional coordinates u, v such that
X = e2cx∂u, Y = e
−2cx
(
c2u2∂u + cu∂x + ∂v
)
, (85)
Using (82), one can compute the coframe in terms of the coordinates x, y, v, u
to find
e−= e2cx|b|2dv , e+ = e−2cx(du− c2u2dv) ,
e1= b[(dx− idy)− cudv] , e1¯ = b¯[(dx+ idy)− cudv] . (86)
Hence the spacetime metric can be written as
ds2 = 2|b|2[ds2(M3) + dy2] , (87)
where
ds2(M3) = dv(du− c2u2dv) + (dx− cudv)2 . (88)
Thus M3 is either R
2,1 if c = 0, or AdS3 if c 6= 0.
The function b depends only on y. After some computation, one finds that
db
dy
=
√
2|b|2eK2 W + 1√
2
e
K
2 b
(
b∂iKGij¯Dj¯W¯ − b¯∂i¯KGi¯jDjW
)
. (89)
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which relates the only unknown component of the metric to the scalar fields.
Combining the conditions that arise from gaugino KSE on both ǫ1 and ǫ2
spinors, one finds that
F a = 0, µa = 0 . (90)
So the gauge connection is flat and can locally be set to zero. The vanishing
of the moment map restricts the scalars to lie on a Ka¨hler quotient S//H of
S, where H is the gauge group.
Setting A = 0 locally, the conditions on Dφi imply that ∂uφi = ∂xφi = ∂vφi =
0. Moreover, the remaining Killing spinor equations of the scalar multiplet
(79) gives
dφi
dy
= −
√
2 be
K
2 Gij¯Dj¯W¯ . (91)
Observe that this expression depends on b. This is again a flow equation driven
by the holomorphic potentialW . One can change parameterization to simplify
the flow equations (89) and (91). The construction of explicit solutions depends
on the details of the models.
Clearly, the spacetime is of cohomogeneity one with a homogenous section
either AdS3 or R
2,1. So this class of N = 2 solutions can be thought of as
domain wall spacetimes. For a review of the domains walls in supergravity
theories as well as their applications see [59].
4.4 N=3 and N=4 backgrounds
4.4.1 Killing spinors for N = 3 backgrounds
Let us first consider the N = 3 backgrounds. It is clear that after choosing
the first two Killing spinors using the Spin(3, 1) covariance of the theory,
there is little or no more gauge symmetry left to restrict the choice of the
third Killing spinor. This could potentially lead to difficulties with solving
the KSEs. Because of this, we use instead a technique which was originally
applied to classify the near maximally supersymmetric backgrounds of IIB
supergravity in [60]. As at each point in spacetime, the three Killing spinors
span a hyperplane in the space of Majorana spinors, we use the Spin(3, 1)
gauge symmetry of the theory to restrict the form of the normal ν to the hyper-
plane of the Killing spinors. As Spin(3, 1) has a single non-trivial orbit on the
space of Majorana spinors, we can always chose ν = i(e2+e12). The orthogonal
directions to ν with respect to Majorana inner product, A(ζ, η) = 〈Γ12ζ∗, η〉,
see appendix B, are {ηr} = {1 + e1, e2 − e12, i(e2 + e12)}. So the three Killing
spinors can be chosen as
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ǫr =
∑
s
frsηs , r, s = 1, 2, 3 , (92)
where frs is a real 3×3 invertible matrix of spacetime functions. Schematically
we write ǫ = fη.
In N = 4 backgrounds, the Killing spinors can again be written as a linear
combination of the basis {1 + e1, i(1 − e1), e2 − e12, i(e2 + e12)} of Majorana
spinors with real spacetime functions as coefficients. Next we shall solve the
Killing spinor equations for both cases.
4.4.2 Local N = 3 supersymmetry implies N = 4
Let us begin with the N = 3 case. We shall first solve the Killing spinor
equations locally. To proceed, observe that (92) implies that schematically
ǫL = fηL and ǫR = fηR. Substituting this into the gaugino (56) and scalar
multiplet (57) KSEs, one finds that the dependence on f can be eliminated,
because f is invertible. Moreover the conditions that one obtains are those of
(63) and (64), or (78) and (79) for b = 1 or b = i, respectively. These imply
that
F a
MN
= DMφi = DiW = µa = 0 . (93)
Since the gauge connection is flat, we can locally set the gauge potential to
vanish, Aa
M
= 0. As a result the second equation implies that φi are con-
stant. Substituting these data into the gravitino Killing spinor equation, and
computing its integrability condition, we obtain
RMN,RSΓ
RSηL + 2e
KWW¯ΓMNηL = 0 . (94)
Clearly the integrability condition takes values in spin(3, 1). Since the isotropy
group of three linearly independent spinors in Spin(3, 1) is the identity, (95)
implies that
RMN,RS = −eKWW¯ (gMRgNS − gMSgNR) . (95)
It is easy to see that (93) and (95) are precisely the conditions that one finds
for backgrounds that admit maximal N = 4 supersymmetry. So one concludes
that N = 3 backgrounds locally admit an additional Killing spinor and are
therefore locally maximally supersymmetric. Furthermore, (95) implies that
the spacetime is either R3,1 or AdS4. In the former case, e
K|W |2 = 0 and in
the latter eK|W |2 6= 0 when evaluated at the constant maps φ, respectively.
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The moment map condition in (93), µa = 0, together with the remaining
constant gauge transformations imply that the constant maps φ take values
in a Ka¨hler quotient S//H of the scalar manifold S. It remains to investigate
DiW = 0. Suppose that we have chosen some constant maps φ = φ0. If
W (φ0) = 0, then DiW = 0 implies that ∂iW (φ0) = 0. So W and its first
derivative vanish at φ = φ0. On the other hand if W (φ0) 6= 0, DiW = 0
relates the value of the first derivative of W to that of the Ka¨hler potential at
φ = φ0.
The physical interpretation of the N = 4 backgrounds is that they are the
supersymmetric vacua of the supergravity theory. The spacetime geometry is
either Minkowski or AdS4.
Although the existence of local geometries which preserve strictly N = 3 su-
persymmetry has been ruled out, the possibility still remains that such back-
grounds can be constructed as discrete quotients of maximally supersymmetric
ones. We shall not give the details here. This question has been raised in [61]
in the context of N = 2 supergravity theory. One can show that a background
that preserves strictly N = 3 supersymmetries can be constructed as discrete
quotient of a maximally supersymmetric AdS4 solution [62].
4.5 A reflection on the results
One of the conclusions from the results presented is that there is a systematic
way to find the solutions of the KSEs of N = 1 d = 4 supergravity coupled
to any number of vector and scalar multiplets. Although this is not sufficient
to find all supersymmetric solutions of the theory as for those the field equa-
tions have to be solved as well, a narrative emerges regarding the geometry
of the solutions. This is especially apparent for those that preserve N > 1
supersymmetry as such backgrounds are sufficiently constrained. As a result,
their physical interpretation is more apparent and can be extracted from their
geometric properties.
The observations made here regarding the geometry of supersymmetric back-
grounds extend to other supersymmetric theories. A more involved example
is the solution of the KSEs of heterotic supergravity. As for the N = 1 d = 4
supergravity, the geometry of all supersymmetric heterotic backgrounds can
be identified. This leads to the categorization of all the supersymmetric so-
lutions of the theory that have been found as well as to new directions that
remain to be investigated.
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5 Minimal N = 1 d = 5 supergravity
The bosonic fields of the theory are a metric and a U(1) gauge field A with field
strength F = dA. The action of the theory is the Einstein-Maxwell system
with the addition of a Chern-Simons term for the U(1) field. This theory
has found widespread applications in the microscopic counting of black hole
entropy within string theory [3]. This is because some brane configurations
of 10- and 11-dimensional supergravities dimensionally reduce to black hole
solutions of this theory and brane techniques in string theory can be used to
do the counting.
Minimal N = 1 d = 5 supergravity is the first theory whose KSE was system-
atically solved using the bilinears method [8]. Here we shall present the solution
of the KSE employing both the bilinears and spinorial geometry methods to
provide a comprehensive example for both methods used to solve KSEs.
5.1 KSE and field equations
The only fermion of the theory is the gravitino whose supersymmetry variation
leads to the KSE
DAǫ = 0 , (96)
where the supercovariant connection is
DA ..= ∇A − i
4
√
3
(ΓA
BC − 4δB
A
ΓC)FBC , (97)
and ǫ is in the Dirac representation of Spin(4, 1). The supercovariant curvature
can be written as
RAB = 1
4
RˆAB,CDΓ
CD +
i√
3
(
∇ˆAFBC − ∇ˆBFAC
)
ΓC
+
2i
3
HAB
DFDCΓ
C − 2
3
FACFBDΓ
CD , (98)
where Rˆ is the curvature of the connection ∇ˆAY B ..= ∇AY B+(1/
√
3)HBACY
C
and H = ∗F with ǫ01234 = 1.
Furthermore, a straightforward computation using dF = 0 reveals that
37
ΓBRAB = −1
2
EABΓ
B − 1
12
√
3
LFAB1B2B3Γ
B1B2B3 +
i√
3
∗LFA , (99)
where
EAB ..=RAB − 2(FACFBC − 1
6
gABF
2) = 0 ,
LF ..= d∗F − 2√
3
F ∧ F = 0 , (100)
are the field equations of the theory .
It turns out that as in the minimal N = 2 d = 4 supergravity, the KSE (96)
admits either four or eight Killing spinors. To see this, first observe that (96) is
linear over the complex numbers so if ǫ is a Killing spinor so is i ǫ. Moreover,
if ǫ is a Killing spinor so is rAǫ, where rA = Γ12∗, see appendix B for the
definition and properties of these Clifford algebra operations. As ǫ, i ǫ, rAǫ
and i rAǫ are linearly independent, the solutions of (96) come as multiples of
four.
5.2 Solution of the KSE using the bilinears method
To begin the analysis of the KSE using the bilinears method [8], we use Fierz
identities to obtain algebraic conditions on various form bilinears. Then further
conditions on the geometry and flux are determined by an analysis of the KSE.
To start, we define a real scalar f and a real form bilinear X by
if 2 ..= D(ǫ, ǫ) , X ..= D(ǫ,ΓAǫ) e
A . (101)
Note that the bilinear X cannot vanish identically, as by definition X0 =‖
Γ0ǫ ‖2=‖ ǫ ‖2 6= 0. We have also chosen a convention for which D(ǫ, ǫ) = if 2.
If a spinor ǫˆ satisfies D(ǫˆ, ǫˆ) = −if 2, then there exists a spin transformation,
which lies in a disconnected component of the spin group, relating ǫˆ to a
spinor ǫ satisfying D(ǫ, ǫ) = if 2. Hence, without loss of generality, we take
D(ǫ, ǫ) = if 2.
Further 2-form bilinears ω1 and ξ are given by
ω1 ..=
1
2
D(ǫ,ΓABǫ)e
A ∧ eB , ξ ..= 1
2
D(ǫ,ΓABrAǫ)e
A ∧ eB , (102)
where ω1 is real and ξ is complex. There are no other non-vanishing scalar or
1-form bilinears.
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The bilinears satisfy a number of algebraic conditions due to the Fierz identi-
ties (D.1) and (D.2), which are derived in detail in Appendix D. On defining
ξ = ω2+ iω3, for real 2-forms ω2, ω3, these algebraic conditions on the bilinears
can be rewritten as
iXωr = 0 , iX
∗ωr = −f 2ωr , ωr ∧ ωs = −2f 2δrs ∗X , (103)
(ωr)CA(ωs)
C
B = δrs(f
4gAB +XAXB) + ǫrs
pf 2(ωp)AB , (104)
and
X2 = −f 4 , r, s, p = 1, 2, 3 . (105)
The spinor ǫ also satisfies several conditions as a consequence of the Fierz
identities, which are
XAΓ
Aǫ = if 2ǫ, (ω1)ABΓ
ABǫ = −4if 2ǫ ,
(ω2)ABΓ
ABǫ = −4if 2rAǫ , (ω3)ABΓABǫ = −4f 2rAǫ . (106)
Having obtained the algebraic conditions (103)-(105) and (106), the conditions
obtained from the Killing spinor equation can be determined. These are
df 2 =
2√
3
iXF , LXg = 0 , (107)
dX =
4√
3
f 2F +
2√
3
∗(F ∧X) , (108)
and
∇A(ωr)BC =− 2√
3
FA
D(∗ωr)DBC +
2√
3
F[B
D(∗ωr)C]AD
− 1√
3
gA[B(
∗ωr)C]
D1D2FD1D2 . (109)
In particular, the first condition in (107) implies that LXF = 0, and also
LXf 2 = 0. Also, (109) implies that
dωr = 0 (110)
and this together with (103) imply that LXωr = 0. Therefore the fields g and
F , as well as the bilinears, are invariant under the action of X .
The analysis of these conditions splits into two cases, according as to whether
the vector field X is timelike or null, corresponding to the cases f 6= 0 and
f = 0 respectively.
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5.2.1 Geometry and supersymmetry of timelike solutions
In the timelike class of solutions for which f 6= 0, it is convenient to introduce
a local spacetime coframe {e0, ei; i = 1, 2, 3, 4} such that X ..= f 2e0.
Adapting a coordinate t along X ,X = ∂t, e
0 can be written as e0 = f 2(dt+α),
where α = αie
i. It is also useful to define ei ..= f−1e˚i in which case the metric
becomes
ds2 = −f 4(dt+ α)2 + f−2d˚s2 , (111)
where d˚s2 = δij e˚
ie˚j . The metric d˚s2, as well as f , α, ωr and F are all t-
independent because as has been mentioned they are invariant under the ac-
tion of X .
Locally the spacetime can be viewed as a fibration over a 4-dimensional base
manifold B with fibres the orbits of X . The volume form dvolB on the 4-
dimensional base manifold B, equipped with metric d˚s2, is related to the
5-dimensional volume form by dvol5 = f
−4e0 ∧ dv˚olB. The conditions (107)
and (108) then determine the Maxwell field strength via
F =
√
3
2
de0 − 1√
3
f 2(dα)asd , (112)
where (dα)asd denotes the anti-self dual part of dα on B.
The base space B admits a hyper-Ka¨hler structure, associated with the three 2-
form bilinears ωr, r = 1, 2, 3. To see this, note that ωr, r = 1, 2, 3 descend on B
as LXωr = 0 and iXωr = 0. The 2-forms ωr are self-dual onB, as a consequence
of (103). Moreover the associated complex structures, Ir, ωr(Y, Z) = g˚(Y, IrZ),
satisfy the algebra of the imaginary quaternions, I21 = I
2
2 = −1, I3 = I1I2,
I1I2 = −I2I1 on B, as a consequence of (104). The remaining content of the
condition (109) is
∇˚ωr = 0 (113)
where ∇˚ denotes the Levi-Civita connection on B. Hence the ωr define a
hyper-Ka¨hler structure on B.
This analysis exhausts the content of the algebraic and differential conditions
which we have obtained on the bilinears. It remains to determine the remaining
conditions imposed by the Killing spinor equations, given the conditions on
the geometry and flux obtained so far. This can be done by noting that the
spinor ǫ must satisfy the condition
Γ0ǫ = −iǫ . (114)
This follows from the first identity in (106). In turn, this implies that ΛijΓ
ijǫ =
0 for any anti-self-dual 2-form Λ on B. Then the M = 0 component of (96) is
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equivalent to
∂tǫ = 0 , (115)
and the remaining components of (96) are equivalent to
∇˚(f−1ǫ) = 0 . (116)
It follows that the spinor ǫ is given by ǫ = fη, where η is a covariantly constant
t-independent spinor on the hyper-Ka¨hler base B, Γ0η = −iη. The conditions
appearing in (106) which involve ωr are not involved in the evaluation of (115).
Hence any covariantly constant spinor η on B satisfying Γ0η = −iη gives rise
to a solution ǫ = fη of the KSE of the d = 5 theory.
This analysis exhausts the content of the KSE. It remains to impose the
Bianchi identity and field equations; the resulting conditions are common to
both the bilinears method and the spinorial geometry approach to solving the
KSE, and will be presented after discussing the spinorial geometry analysis.
5.2.2 Geometry and supersymmetry of null solutions
In the null class of solutions, for which f = 0, and X is null, it is convenient
to introduce a local spacetime coframe {e−, e+, ei : i = 1, 2, 3} such that
X ..= e−. The algebraic identities (103) then imply that
ωr = e
− ∧ τr , (117)
where without loss of generality we take (τr)− = 0. Furthermore, (104) sim-
plifies to
(ωr)CA(ωs)
C
B = δrsXAXB . (118)
Setting s = r, A = −, B = + then implies that (τr)+ = 0, and setting
A = B = − further implies that
(τr)C(τs)
C = δrs (119)
Hence we can choose a basis for which τr = δrie
i. The condition (107) implies
that iXF = 0, so the Maxwell field strength decomposes as
F = F−ie− ∧ ei + 1
2
Fije
i ∧ ej . (120)
In order to introduce co-ordinates, we shall introduce a local co-ordinate u
such that X = ∂u. Also, the algebraic conditions (107) and (108) imply that
X ∧ dX = 0 , (121)
and it follows that a further local co-ordinate v can be found such that
e− = h−1dv , (122)
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for some function h. Next, consider the closure condition (110); this implies
that
dv ∧ d(h−1ei) = 0 , (123)
and hence there exist co-ordinates xI , I = 1, 2, 3 and functions qI , I = 1, 2, 3
such that
ei = δiI
(
hdxI + pIdv
)
. (124)
Using a change of basis as in (50), which leaves e− invariant, one can set
without loss of generality pI = 0, so ei = hδiIdx
I . The condition L∂uX = 0
implies that h is u-independent; and the condition that X is Killing then
implies that L∂ue+ = 0. The basis can therefore be written as follows
e+ = du+ V dv + nIdx
I , e− = h−1dv, ei = h δiI dx
I , (125)
where V, h, nI are u-independent. It remains to determine the components F−i
and Fij of the flux. To do this, we first write 5-dimensional volume form as
dvol5 = −h3 e+ ∧ e− ∧ ǫ˚, where ǫ˚ is the volume form of the flat 3-metric. The
components Fij are determined by the condition (108) as
1
2
Fij e
i ∧ ej = −
√
3
4
ǫ˚IJ
K∂Kh dx
I ∧ dxJ . (126)
The remaining components F−i are obtained from the condition (109) on set-
ting A = M = −, N = j to find
F−k e− ∧ ek = − 1
4
√
3
ǫ˚I
JKh−2dnJKdv ∧ dxI , (127)
and hence
F = − 1
4
√
3
ǫ˚I
JKh−2dnJKdv ∧ dxI −
√
3
4
ǫ˚IJ
K∂Kh dx
I ∧ dxJ . (128)
On substituting these conditions back into the Killing spinor equation (96),
we find that the spinor is constant, ∂Mǫ = 0, and as a consequence of the first
identity in (106) satisfies Γ+ǫ = 0.
This analysis exhausts the content of the KSE. It remains to impose the
Bianchi identity and field equations. Again, the resulting conditions are com-
mon to both the bilinears and the spinorial geometry approaches to solving
the KSE, and will be presented after the spinorial geometry analysis.
5.3 Solution of the KSE using the spinorial geometry method
One way to describe the Dirac representation of Spin(4, 1) in terms of forms
is to begin from that of Spin(4) and identify Γ0 = iΓ1234. Therefore the
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Dirac spinors of Spin(4, 1) are identified with Λ∗(C2), where the action of
the gamma matrices of Spin(4) on Λ∗(C2) is described in appendix B. Fur-
thermore Spin(4) = SU(2) × SU(2) and acts on Λev(C2) and Λodd(C2) with
the (2, 1) and (1, 2) representations, respectively. As the orbits of SU(2) on
C
2−{0} are 3-spheres, a representative of the first Killing spinor can be chosen
up to a Spin(4) transformation as ǫ = f11 + f2e1, where f1 and f2 are real
constants. To further simplify this spinor, consider the SO(1, 1) transforma-
tion generated by Γ03. There are three possibilities to consider, according as
|f1| > |f2|, |f1| < |f2| and |f1| = |f2|. If |f1| > |f2|, then this transformation
can be used to set f2 = 0, whereas if |f2| > |f1|, then this transformation can
be used to set f1 = 0. These two cases, for which either f1 = 0 or f2 = 0, are
further related as Γ03e1 = −1, where Γ03 lies in a disconnected component of
the spin group. In the remaining case, |f1| = |f2|, the SO(1, 1) gauge transfor-
mations generated by Γ03 and Γ13 can be used to set f1 = f2 = 1. Therefore,
the first Killing spinor can be chosen without loss of generality as
either ǫ = f 1 , or ǫ = 1 + e1 , (129)
where f is promoted to a real spacetime function. The isotropy group of f1
and 1 + e1 in Spin(4, 1) is SU(2) and R
3, respectively.
5.4 Case 1: ǫ = f1
5.4.1 Solution of the linear system
The KSE (96) can be easily evaluated on f1 and after expanding in the basis
of Dirac spinors as described in appendix B, one finds for A = 0, A = α and
A = α¯ the following linear system
∂0f +
1
2
fΩ0,β
β − 1
2
√
3
fFβ
β = 0 , F0β¯ −
√
3
2
Ω0,0β¯ = 0 ,
Fαβ −
√
3Ω0,αβ = 0 , ∂αf +
1
2
fΩα,β
β +
√
3
2
fF0α = 0 ,
−Ωα,0β¯ −
1√
3
Fγ
γδαβ¯ +
√
3Fαβ¯ = 0 , Ωα,β¯γ¯ +
2√
3
δα[β¯Fγ¯]0 = 0 ,
∂α¯f +
1
2
fΩα¯,γ
γ +
1
2
√
3
fF0α¯ = 0 , − Ωα¯,0β¯ +
1√
3
Fα¯β¯ = 0 ,
Ωα¯,β¯γ¯ = 0 . (130)
This system can be easily solved to express the flux F in terms of the geometry
as
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F =
√
3 d log f ∧ e0 +
√
3
2
Ωα,0β e
α ∧ eβ +
√
3
2
Ωα¯,0β¯ e
α¯ ∧ eβ¯
+
1√
3
(Ωα,0β¯ + δαβ¯Ωγ,0
γ) eα ∧ eβ¯ , (131)
and to find the conditions
∂0f = 0 , Ωα,0
α − Ω0,αα = 0 , Ω0,0α = −2∂α log f ,
Ωα,β
β = ∂α log f , Ωα,0β = Ω0,αβ , Ωα,0β¯ + Ωβ¯,0α = 0 ,
Ωα,β¯γ¯ = −2δα[β¯∂γ¯] log f , Ωα,βγ = 0 , (132)
on the spacetime geometry.
5.4.2 Geometry
To investigate the geometry of spacetime, let us note that form bilinears are
generated by
X = D(f1,ΓAf1) e
A = f 2e0 ,
ω1 =
1
2
D(f1,ΓABf1) e
A ∧ eB = −if 2δαβ¯eα ∧ eβ¯ ,
ω2 + iω3 =
1
2
D(f1,ΓAB i rAf1) e
A ∧ eB = 1
2
f 2ǫαβe
α ∧ eβ , (133)
with ǫ12 = 1. All the geometric conditions in (132) that involve a e
0 coframe
direction can be expressed as
LXg = 0 , LXωr = 0 , r = 1, 2, 3 . (134)
Therefore X is Killing and leaves the other three 2-form bilinears invariant.
In addition, the flux F is also invariant under X , LXF = 0.
The conditions on the geometry imposed by the remaining three conditions in
(132) are
dωr = 0 . (135)
Therefore the spacetime admits three closed 2-forms.
Locally the spacetime can be viewed as a fibration with fibres given by the
integral curves of X . As iXωr = 0 and LXωr = 0, these forms descend to
2-forms on the base space B of the fibration. As ωr are closed and Hermitian
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with respect to the metric d˚s2 = f 2δije
iej and the associated complex struc-
tures Ir, ωr(Y, Z) = g˚(Y, IrZ), satisfy the algebra of imaginary unit quater-
nions, I21 = I
2
2 = −1, I3 = I1I2, I1I2 = −I2I1 on B, B is a hyper-Ka¨hler
manifold. Therefore the spacetime M is a local fibration over a 4-dimensional
hyper-Ka¨hler manifold. Notice that B admits a (weak) hyper-Ka¨hler struc-
ture with torsion (HKT) [63] with respect to ds˜2 = δije
iej and f−2ωr. As we
shall see such structures arise frequently in the investigation of geometries of
supersymmetric backgrounds.
These conditions correspond to those obtained via the bilinears method for
solving the KSE. Just as in that analysis, special co-ordinates can be found in
which the solution can be written in a particularly simple form. In particular,
one can adapt a coordinate t such that X = ∂t. As all fields and form bilin-
ears are invariant under X , a coframe can be chosen on the spacetime which
does not depend explicitly on t. The remaining decomposition of the metric
and Maxwell field strength is identical to the calculation presented in Section
(5.2.1).
5.4.3 Solutions
The field equations of the theory are implied as a consequence of the KSE, the
Bianchi identity of F , dF = 0 and the vanishing of the electric component of
the field equation of F , ∗LF0 = 0. This follows from the integrability condition
of the KSE in (99) which can be rewritten as
−1
2
EABΓ
Bǫ+
i
2
√
3
∗LFBΓBAǫ+
i√
3
∗LFAǫ = 0 . (136)
As ǫ = f1, taking the Dirac inner product again with ǫ, one finds that
−1
2
EABX
A +
i
2
√
3
∗LFB(ω1)BA − 1√
3
f 2 ∗LFA = 0 . (137)
where the bilinear ω1 has been defined in (133). For A = 0, one finds that
E00 = 0. On the other hand for A = i, one gets that Ei0 = 0 and
∗LFi = 0.
Therefore, if ∗LF0 = 0, then the field equation of F will be satisfied. The
vanishing of the rest of the components of the Einstein equation follows from
an argument similar to that presented in section 3.2.4 for the minimal N = 2
d = 4 supergravity.
Therefore to find solutions, one has to solve the Bianchi and the electric com-
ponent of the field equation for F , which in turn gives
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d
(
f 2(dα)asd
)
= 0 , ∇˚2f−2 = 2
9
f 4 g˚ij g˚mn (dαasd)im (dαasd)jn , (138)
respectively, where ∇˚ is the Levi-Civita connection of the hyper-Ka¨hler metric
on B.
A large class of solutions can be found provided that dαasd = 0. In such a case
f−2 is a harmonic function on a hyper-Ka¨hler manifold B. For B = R4 and
f−2 = 1 +
∑
aQa/|y − ya|2, the solutions are rotating multi-black holes. The
rotation is associated with the self-dual part of dα [64].
Many solutions also arise in the case for which the base space is a Gibbons-
Hawking manifold, which admits a tri-holomorphic isometry [65]. If this tri-
holomorphic isometry is a symmetry of the full solution, then the complete
solution is determined by a choice of four harmonic functions on R3. To illus-
trate this construction, we take the base space metric to be
d˚s2 = H−1(dz + χ)2 +Hδrsdxrdxs , r, s = 1, 2, 3 , (139)
where H is a harmonic function on R3 and χ = χrdx
r is a 1-form on R3
satisfying
⋆3dχ = dH . (140)
The Hodge dual ⋆3 is taken on R
3, and the volume form on the base and the
volume form on R3 are related by dv˚olB = Hdvol3 ∧ dz.
These conditions imply that the base metric is hyper-Ka¨hler with tri-holomorphic
isometry ∂
∂z
. With this base space convention, the hyper-Ka¨hler structure is
given by
ωr = δrp(dz + χ) ∧ dxp − 1
2
Hǫrpqdx
p ∧ dxq, r, p, q = 1, 2, 3 . (141)
To construct the solution for which the tri-holomorphic isometry ∂
∂z
is a sym-
metry of the full solution, decompose α as
α = Ψ(dz + χ) + σ , (142)
where Ψ is a function on R3 and σ is a 1-form on R3. The anti-self-dual part
of dα is then
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dαasd=
1
2
(dz + χ) ∧
(
− dΨ+H−1ΨdH +H−1 ⋆3 dσ
)
+
1
2
(
dσ +Ψ ⋆3 dH −H ⋆3 dΨ
)
. (143)
The Bianchi identity from (138) implies that
d
(
f 2
(
dΨ−H−1ΨdH −H−1 ⋆3 dσ
))
= 0 , (144)
and hence there locally exists a function ρ on R3 such that
f 2
(
dΨ−H−1ΨdH −H−1 ⋆3 dσ
)
= dρ . (145)
The remaining content of the Bianchi identity can then be written as
✷3(Hρ) = 0 , (146)
where ✷3 denotes the Laplacian on R
3. It follows that there exists a harmonic
function K on R3 such that
ρ = 3KH−1 . (147)
The gauge field equation given in (138) can then be rewritten as
✷3f
−2 = ✷3
(
K2H−1
)
, (148)
so there exists a further harmonic function L on R3 such that
f−2 = K2H−1 + L . (149)
Having determined f in terms of these harmonic functions, we determine Ψ
by making use of (145), which can be rewritten as
HdΨ−ΨdH − ⋆3dσ = 3(K2 + LH)d(KH−1) . (150)
Taking the divergence of this condition gives
✷3Ψ = ✷3
(
H−2K3 +
3
2
H−1KL
)
, (151)
which implies that there exists a harmonic function M on R3 such that
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Ψ = H−2K3 +
3
2
H−1KL+M . (152)
The 1-form σ is then fixed by substituting this expression into (150) to give
⋆3dσ = HdM −MdH + 3
2
(KdL− LdK) . (153)
This procedure therefore determines the complete solution entirely in terms
of the harmonic functions {H,K,L,M}; although there is some freedom to
redefine these harmonic functions. In particular, the solutions generated by
{H,K,L,M} and {H,K ′, L′,M ′} are identical provided that
K =K ′ + µH , L = L′ − 2µK ′ − µ2H ,
M =M ′ +
1
2
µ3H − 3
2
µL′ +
3
2
µ2K ′ , (154)
for constant µ. Also, the harmonic functionM is only defined up to an additive
constant ν with
M = Mˆ + ν, σ = σˆ − νχ , (155)
and the harmonic functionsH,K,L are unchanged. Furthermore, it is also pos-
sible for the same solution to be described by two different Gibbons-Hawking
base spaces. For example, the maximally supersymmetric AdS2 × S3 solution
can be constructed from both a flat base space, as well as a singular Eguchi-
Hanson base.
An example which describes a large family of solutions preserving N = 4
supersymmetry is given by taking H = 1
r
, so that the base space is R4 together
with
K =−1
2
P∑
i=1
qihi , L = 1 +
1
4
P∑
i=1
(Qi − q2i )hi ,
M =
3
4
P∑
i=1
qi
(
1− |yi|hi
)
, (156)
where hi =
1
|x−yi| and Qi, qi,yi are constant. In the case of a single pole,
P = 1, there are two possibilities. If y1 = 0 then the solution will describe
a single rotating BMPV black hole, which is static provided that 3Q1 = q
2
1 .
The generic multi-BMPV black hole solution does not however lie within this
family of solutions, because although the base space is R4, the tri-holomorphic
isometry is not a symmetry of the full solution. On the other hand if y1 6= 0,
then the solution is the supersymmetric black ring. Further generalization can
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be made by taking multiple poles. Such solutions include configurations of
concentric black rings as well as Black Saturn type of solutions found in [66].
In addition, all of the maximally supersymmetric solutions can be written as
solutions in the timelike class with a Gibbons-Hawking base space for which
the tri-holomorphic isometry is a symmetry of the solution.
5.5 Case 2: ǫ = 1 + e1
5.5.1 Solution of the linear system
To find the linear system that arises after evaluating the KSE (96) on the
Killing spinor 1 + e1 observe that (−Γ0 + Γ3)(1 + e1) = 0 in the conventions
of appendix B for Spin(4) with Γ0 = iΓ1234. Because of this it is convenient
to change basis to (Γ+,Γ−,Γ1,Γ2,Γ2¯) with
√
2Γ± = ±Γ0+Γ3, Γ1 = e1∧+ie1 ,
Γ2 =
√
2 ie2 and Γ
2¯ =
√
2 e2∧. The calculation is similar to the ones we have
already presented and thus we shall not elaborate. The solution of the linear
system can be written as
F =
1
2
√
3
ǫi
jkΩ−,jke− ∧ ei +
√
3
2
ǫij
kΩ−,+kei ∧ ej , (157)
where ǫ122¯ = −i.
The conditions on the geometry are
ΩA,+B + ΩB,+A = 0 , Ω+,ij = 0 , Ωi,+j = 0 , Ω2,12 = Ω1,22¯ = 0 ,
2Ω−,+2 + Ω1,12 = 0 , 2Ω2,+− + Ω2,22¯ = 0 , 2Ω1,+− + Ω2,12¯ = 0 . (158)
This is a full content of the KSE.
5.5.2 Geometry
A basis of the form bilinears constructed from the Killing spinors ǫ and rAǫ is
X = e− , ωr = δri e− ∧ ei , (159)
where {e−, e+, ei : i = 1, 2, 3} is the spinorial geometry coframe. The condi-
tions on the geometry (158) can be expressed as
LXg = 0 , X ∧ dX = 0 , dωr = 0 . (160)
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Therefore, X is a Killing vector field which in addition leaves F invariant,
LXF = 0.
Again, these conditions correspond to those obtained via the bilinears method
for solving the KSE, where also special co-ordinates can be adopted. These co-
ordinates u, v and xI, as well as the decomposition of the metric and Maxwell
field strength, are obtained in exactly the same was as described in Section
(5.2.2).
5.5.3 Solutions
An investigation of the integrability conditions (99) reveals that all field equa-
tions are satisfied provided that the E−− and ∗LF− components of the field
equations vanish together with dF = 0. The latter implies that
δIJ∂I∂Jh = 0 , ∂v∂Ih = −1
3
δJK∂J(dnKIh
−2) . (161)
The Einstein equation E−− = 0 gives
h−3δIJ∂I(−∂JV h+ ∂vnJ)− 3h∂2vh− 3(∂vh)2 +
3
2
δIJ(∂IV ∂Jh
− ∂vnIh−2∂Jh) + 1
6
δIJδKLdnIKdnJL = 0 , (162)
and ∗LF− = 0 is satisfied with no further conditions.
These equations can be solved and solutions include a magnetic multi-string
solution for V = n = 0 and h = 1 +
∑
aQa/|x − xa| and a multi pp-wave
solution for h = 1, n = 0 and V =
∑
aQa/|x− xa|.
5.6 Maximally supersymmetric backgrounds
The supercovariant curvature (98) of maximally supersymmetric backgrounds
vanishes. It is a consequence of the homogeneity theorem [67, 68], which will
be demonstrated in section 10.4, that the maximally supersymmetric solutions
must be homogeneous spaces. Upon using the Bianchi identity dF = 0, one
can establish from the term linear in gamma matrices in the supercovariant
connection that
∇ˇAFBC = 0 , HD[ABFC]D = 0 , (163)
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where ∇ˇ = ∇− (1/√3)H . The latter relation also follows from H = ∗F . The
quadratic term in gamma matrices in the supercovariant connection gives that
RˇAB,CD =
4
3
FABFCD . (164)
Therefore, the Riemann curvature R of the spacetime, as well as the flux
F , are parallel with respect to the connection ∇ˇ. These data are compatible
with a Lorentzian homogeneous structure on the spacetime with canonical
connection ∇ˇ, which has torsion (−2/√3)H and curvature (−2/√3)F , see
appendix C.1. Therefore, we shall take that the spacetime locally admits a
Lorentzian transitive 6-dimensional group with Lie algebra g = h ⊕ m which
has self-dual structure constants. The commutation relations are
[mA, mB] =
2√
3
(FABh +HAB
CmC) , [h,mA] =
2√
3
FA
BmB , (165)
where h is the generator of an abelian subalgebra h and {mA} is a basis in m.
Note that the indices have been raised with respect to the spacetime metric.
There are three Lorentzian 6-dimensional Lie algebras with self-dual structure
constants which are isomorphic to
sl(2,R)⊕ su(2) , cw6 , R5,1 , (166)
where cw6 is the Lie algebra of the CW6 group manifold described in appendix
C.2. As the structure constants of R5,1 are zero, all the maximally supersym-
metric solutions associated to it are locally isometric to the Minkowski space
R
4,1 with F = 0.
Consider the commutation relations
[t2, t±] = ±2t± , [t+, t−] = t2 and [wa, wb] = 2ǫabcwc , (167)
of sl(2,R) and su(2) Lie algebras, respectively, where a, b, c = 3, 4, 5. The most
general choice of the generator h which gives rise to a reductive Lorentzian
5-dimensional homogeneous space, see appendix C.1, is h = αt2+ βw5, where
α, β ∈ R. Then m is spanned by {t±, p, u3, u4}, where p = αt2 − βu3. Let
ℓ = ℓ+t+ + ℓ
−t− + ℓ2p + ℓ3u3 + ℓ4u4 be the left-invariant coframe on the
homogeneous space. One can verify that for α, β 6= 0 this homogeneous space
admits a three parameter family of Lorentzian invariant metrics and a two-
parameter family of invariant 2-forms. However, imposing the relation between
the structure constants as indicated in (165), and that H is dual to F , one
finds that the fields are
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ds2=
1
α2
ℓ+ℓ− +
1
2β2
(
(ℓ3)2 + (ℓ4)2
)
+
4α6
β6
(ℓ2)2 ,
F =
√
3
4α
ℓ+ ∧ ℓ− +
√
3
4β
ℓ3 ∧ ℓ4 . (168)
The homogeneous space is locally isometric to (SL(2,R)×SU(2))/Rα,β where
the inclusion of R in SL(2,R) × SU(2) is (diag(eαt, e−αt), diag(eiβt, e−iβt)). If
either α = 0 or β = 0, then the spacetime is locally isometric to AdS3 × S2
or AdS2 × S3 with magnetic or electric flux, respectively. These are the near
horizon geometries of the magnetic string and extreme Reissner-Nordstro¨m
black hole, respectively. While for αβ 6= 0, the maximally supersymmetric
background is the near horizon geometry of the BMPV black hole.
The non-vanishing commutation relations of cw6 are given in (C.11). As β is
skew-symmetric and non-degenerate it can be brought, up to an O(4) trans-
formation, to a block-diagonal form. Therefore, it can be determined by up
to two real constants λ1 and λ2. Requiring that the structure constants are
self-dual, one finds that λ ..= λ1 = λ2 and thus β = λdx
1 ∧ dx2 + λdx3 ∧ dx4.
Two choices of a subalgebra of a Lie algebra related by a conjugation are
considered as equivalent. Therefore the generator h = hiti + h
−t− + h+t+ of
the abelian subalgebra h in cw6 can be chosen up to a conjugation. For this
observe that the adjoint action with w = witi + w
−t− + w+t+ gives
hi → hi − w−βijhj + h−βijwj , h− → h− , h+ → h+ − βijwihj . (169)
Therefore all h = h+t+ elements represent independent conjugacy classes in
cw6. On the other hand, if h = h
iti + h
+t+, then the adjoint action acts
on h with translations on h+ and rotations on hi generated by β. Thus the
independent conjugacy classes can be represented by h = hiti up to identifica-
tions of hi with rotations generated by β. Finally, if h− 6= 0, then the adjoint
action of cw6 acts with translations on both h
i and h+. The former can be
used to set hi = 0. In such case, the h+ remains invariant as the translations
acting on it are hi dependent. The conjugacy classes can be represented by
h = h−t− + h+t+. Thus for what follows it suffices to choose the generator of
h as either h = hiti or h = h
−t− + h+t+.
First consider h = hiti. Then without loss of generality one can choose h = t4.
This is because the cw6 algebra has an underlying SU(2) × SO(2) symme-
try generated by the anti-self-dual rotations acting on the generators ti which
leave β invariant. The SO(2) symmetry is generated by β. These SU(2) trans-
formations can be used to set h to the form above. If h is spanned by t4, then
a basis in m is {t−, t+, t1, t2, t3}. A local section s of the coset can be chosen
by setting x3 = x4, see appendix C.1. A left-invariant coframe on the coset
space, see (C.13), is
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ℓ− = dv , ℓa = dxa + βabxbdv , ℓ3 = dx3 + λx3dv ,
ℓ+ = du+
1
2
βabx
adxb − 1
2
λ2δabx
axbdv − λ2(x3)2 , (170)
and the canonical connection is Ψ = dx3−βx3dv, where a, b = 1, 2. There are
several invariant metrics that can be put on the coset space. However requiring
that H is skew-symmetric, one find that the most general one up to an overall
scale is
ds2 = 2ℓ−ℓ+ + δabℓaℓb + (ℓ3)2 . (171)
After a change of coordinates ya = (e
1
2
vβ)abx
b, y3 = x3 and u′ = u + 1
2
λ(x3)2,
one finds that
ds2=2dv(du− 1
2
λ2(y3)2dv − 1
8
λ2δaby
aybdv) + δabdy
adyb + (dy3)3 ,
F =−
√
3
2
λdv ∧ dy3 , (172)
where we have reset u = u′ and F can be read off after comparing the commu-
tation relations of the homogeneous space h⊕ m with those in (165). All the
field equations and KSEs are satisfied. This is the maximally supersymmetric
plane wave solution of d = 5 minimal supergravity.
Next consider the conjugacy classes represented by h = h−t− + h+t+. If h
is spanned by h = h−t− + h+t+, then a basis in m is {w, ti}, where w =
h−t− − h+t+. The non-vanishing commutation relations (C.11) in the basis
adapted to the homogeneous space are
[h, ti] = h
−βjitj , [w, ti] = αβjitj ,
[ti, tj] = − 1
2h+
βijh+
1
2h+
w . (173)
Consider the local left-invariant coframe ℓ = ℓ0w + ℓiti, where a local section
s of the coset space has been chosen by setting v = 0. The most general
left-invariant metric on the homogeneous space is
ds2 = α(ℓ0)2 + γijℓ
iℓj , (174)
where α ∈ R−{0} is a constant and γ is a constant non-degenerate symmetric
matrix. Comparing (173) with (165) and requiring that H is skew-symmetric,
one finds that γij = δij and α = −2h−h+. A similar comparison of the terms
containing F gives h−h+ = 1
2
. Therefore the solution is
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ds2 = −(du+ βijxidxj)2 + δijdxidxj , F = −
√
3
2
√
2
βijdx
i ∧ dxj , (175)
where we used the coordinates obtained in (C.13) and restricted the CW6
left-invariant coframe to v = 0. Furthermore, we have set h+ = 1. This is the
maximally supersymmetric Go¨del universe solution of d = 5 supergravity.
5.7 Solutions of other d=5 supergravity KSEs and applications
Following the work of [8] on the minimal ungauged N = 1 d = 5 supergrav-
ity, numerous extensions of the programme has been made to other d = 5
supergravities. First of these has been the classification of the supersymmetric
solutions of minimal gauged supergravity [69] using the bilinears method. This
has been used in [70] to find the first example of a supersymmetric asymp-
totically AdS5 black hole with a regular event horizon. AdS5 is the unique
maximally supersymmetric solution of this theory. In the near-horizon limit,
the black hole preserves 4 supersymmetries, however in the bulk it preserves
only 2 supersymmetries. Further examples of supersymmetric black holes in
minimal gauged supergravity have also been constructed [71,72]. A key differ-
ence between the gauged and ungauged theories in five dimensions is that the
number of supersymmetries preserved in the gauged theory can be 2, 4, 6, or
8 while, as we have seen, in the ungauged theory they are either 4 or 8. All
solutions with 6 supersymmetries are locally isometric to AdS5 [73], however
it is known that there exist discrete quotients of AdS5 which admit exactly 6
globally well-defined Killing spinors [62].
In terms of the description of the geometry, the N = 2 solutions in the minimal
gauged theory once again split into a timelike and a null class. As a conse-
quence of the gravitino KSE, the spacetime in the timelike class, which is of
particular relevance for black holes, is a local fibration over a 4-dimensional
Ka¨hler base space. The weakening of the geometric condition on the base
space, when compared to the hyper-Ka¨hler condition which arises in the un-
gauged theory, is consistent with the reduction in the amount of supersym-
metry preserved. For the ungauged theory, solutions such as the BMPV black
hole, and also the supersymmetric black ring found in [74], have base space
R4. However, more general black hole geometries, such as those found in [75],
as well as the black lens solutions of [76] and [77], are known to exhibit a
Gibbons-Hawking base space. The Gibbons-Hawking metric is particularly
useful as it allows for a complete integration of all of the supersymmetry con-
ditions and field equations in terms of harmonic functions on R3, provided
that the tri-holomorphic isometry extends to a symmetry of the full theory.
There are no known examples of black hole solutions in a closed form for which
the base space does not possess a tri-holomorphic isometry, though solutions
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of this type have been considered numerically [78]. In contrast, the Ka¨hler
base space for black holes in the gauged theory cannot be chosen to be hyper-
Ka¨hler. This is because the Ricci scalar of the base space cannot vanish as it
must diverge at the location of the Killing horizon. Although the base space
is singular, the 5-dimensional geometry remains regular at the horizon.
In addition, the solution of the KSEs of the ungauged N = 1 theory coupled
to vector multiplets [79] has been used to find a large class of supersymmet-
ric “black Saturn” solutions. These consist of a black hole with S3 spherical
horizon topology surrounded by arbitrarily many concentric black rings. The
analogous result for the gaugedN = 1 theory coupled to vector multiplets, [80]
and [81], has been utilized to generalize further the black hole solution of [70].
Spinorial geometry techniques were also employed to classify all N = 4 solu-
tions in gauged supergravity coupled to vector multiplets in [82] and [83].
Black hole and black ring [74, 84] type solutions in the theories coupled to
vector multiplets also lie within the timelike class of solutions. The presence
of the vector multiplets does not affect the restriction on geometry on the
4-dimensional base space of the spacetime as derived for the minimal theo-
ries. In the ungauged theory and for a Gibbons-Hawking base space, the full
solution can again be constructed explicitly. All explicitly known examples
of black holes, rings and black Saturns have a Gibbons-Hawking base space.
Large classes of candidate black hole microstate geometries, which are smooth
and horizonless, have also been constructed using these techniques [85–89].
Closely related methods have also been used to construct examples of black
rings with varying charge density [90], though it has been shown that such so-
lutions typically do not possess smooth horizons [91]. One notable property of
the Gibbons-Hawking manifolds that has been utilized to describe microstate
geometries is that they are ambipolar, i.e. the signature flips from +4 to −4
across certain surfaces, though the five-dimensional solution retains a stan-
dard signature, and is regular. The geometry of such ambipolar base spaces
has been considered in [92].
More recent work has been done to find the solutions of the KSEs in generic
d = 5 supergravities. In [93], all such solutions of the ungauged theory coupled
to vector multiplets and hypermultiplets have been presented. In the timelike
case, the presence of the hypermultiplets implies that the 4-dimensional base
space used to describe such solutions is no longer hyper-Ka¨hler, but rather
admits a weaker set of conditions. Further extension of this work has been
made in [94], where all solutions of the KSEs of the (non-abelian) gauged
theory coupled to arbitrary many vector, tensor and hypermultiplets have
been described, and new examples of solutions have been found. Further work
on the solution of the KSEs of N = 4 supergravity has been done in [95].
Higher derivative supergravity solutions have also been investigated in some
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detail. In [96–98], an off-shell formalism together with the bilinears method
have been employed to consider solutions of the theory comprising of the Weyl
multiplet, coupled to arbitrary many (ungauged) vector multiplets, and one
hypermultiplet. Spinorial geometry techniques have also been used to classify
the solutions [99]. This theory lies within a large class of higher-derivative
supergravity theories constructed in [100–102]. In this case, the structure of
the gravitino KSE is identical to that given in (97), but with F replaced by
an auxiliary 2-form field which lies within the Weyl multiplet. As a conse-
quence, some of the geometric conditions are common to those of the min-
imal 2-derivative theory; for example in the timelike case the base space is
again hyper-Ka¨hler. However, the remaining conditions on the geometry are
modified in a highly nontrivial fashion due to the curvature couplings. Other
types of higher-derivative 5-dimensional supergravities are known to exist,
such as [103] and [104], and it would be of interest to further extend the
classification programme to these theories.
6 Minimal N = (1, 0) d = 6 supergravity
Theories in 6 dimensions have played a significant role in the investigation
of string dualities and brane dynamics, see e.g. [2, 105, 106]. For example, it
has been argued that IIA string theory on R5,1 ×K3 is dual to the heterotic
string theory on R5,1 × T 4. There is also evidence for a d = 6 self-dual string
theory [107]. Moreover, it is expected from the AdS/CFT correspondence that
a d = 6 superconformal theory models the dynamics of coincident multiple
M5-branes.
Here we shall focus on the solution of the KSE of minimal N = (1, 0) d =
6 supergravity theory [108], i.e. 8 real supercharges. This solution has been
worked out by the authors of [109] using the bilinears method. The maximal
supersymmetric solutions have also been found in [110]. The solution of the
KSEs of the N = (1, 0) gauged supergravity theory coupled to any number of
tensor, vector and scalar multiplets [111–113] have been given by the authors
of [114] using the spinorial geometry method.
6.1 Fields and solution of the KSE
6.1.1 Fields and KSE
The bosonic fields of minimal N = (1, 0) d = 6 supergravity are a metric and
an anti-self-dual 3-form field strength H which is closed, dH = 0. The KSE of
the theory is the vanishing condition of the gravitino supersymmetry variation
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evaluated at the locus where the gravitino vanishes. This reads as
∇ˆAǫ = 0 , (176)
where ∇ˆ is a connection with skew-symmetric torsion H
∇ˆAY B ..= ∇AY B + 1
2
HBACY
C , (177)
and ǫ is a symplectic Majorana-Weyl spinor. Clearly (176) is a parallel trans-
port equation with respect to a connection with holonomy contained in Spin(5, 1).
A similar gravitino KSE also arises in heterotic supergravity which will be
investigated in section 7. The symplectic-Majorana condition on ǫ will be ex-
plained later in the description of the spinors of the theory.
The integrability condition of the gravitino KSE (176) is
RˆAB,CDΓ
CDǫ = 0 , (178)
where Rˆ is the curvature of ∇ˆ. Using that dH = 0 and that H is anti-self-dual,
one also finds that
ΓBRˆAB,CDΓ
CDǫ = −2EABΓBǫ = 0 , (179)
where EAB = 0 is the Einstein field equation of the theory.
6.1.2 Spinors
Given a pair of Weyl Spin(5, 1) spinors ǫa, the symplectic-Majorana reality
condition is ǫa = ǫabC ∗ǫTb , where C is the charge conjugation matrix and ǫab is
the symplectic invariant form of Sp(1). It arises for supersymmetric theories
in d = 6 because Spin(5, 1) does not admit a real spin representation which is
needed for the supersymmetry transformations to preserve the reality of the
bosonic fields of the theory. Clearly ǫ1 and ǫ2 are not linearly independent.
The most effective way to understand the symplectic-Majorana Spin(5, 1)
spinors is to identify them with the SU(2) invariant Majorana-Weyl spinors
of Spin(9, 1) [114, 115]. To do this explicitly, the Dirac spinors of Spin(5, 1)
and Spin(9, 1) are identified with Λ∗(C3) and Λ∗(C5), respectively. Positive
chirality spinors are the even degree forms while the negative chirality spinors
are the odd degree forms. A realization of the gamma matrices of both Clifford
algebras Cliff(R5,1) and Cliff(R9,1) is given in appendix B.
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Given a Hermitian basis {e1, . . . , e5} in C5, Cliff(R5,1) can be included in
Cliff(R9,1) by choosing the subspace C3 in C5 as C3 = C〈e1, e2, e5〉. There-
fore the positive chirality Weyl spinors of Spin(5, 1) = SL(2,H) are given by
Λev(C〈e1, e2, e5〉) = H2. The symplectic Majorana-Weyl condition of Spin(5, 1)
is the Majorana-Weyl condition of Spin(9, 1) spinors, i.e.
ǫ∗ = Γ6789ǫ , (180)
where ǫ ∈ ΛevC〈e1, e2, e5〉 ⊗Λ∗C〈e34〉. In particular, a basis for the symplectic
Majorana-Weyl spinors is
1 + e1234 , i(1− e1234) , e12 − e34 , i(e12 + e34) ,
e15 + e2534 , i(e15 − e2534) , e25 − e1534 , i(e25 + e1534) . (181)
Observe that the above basis selects the diagonal of two copies of the Weyl
representation of Spin(5, 1), where the first copy is Λev(C〈e1, e2, e5〉) while the
second copy is Λev(C〈e1, e2, e5〉) ⊗ C〈e34〉. The SU(2) = Sp(1) group, whose
Lie algebra generators are
ρ1 =
1
2
(Γ38 + Γ49) , ρ
2 =
1
2
(Γ89 − Γ34) , ρ3 = 1
2
(Γ39 − Γ48) , (182)
acts on the auxiliary directions e3 and e4 and leaves the basis (181) invariant.
6.1.3 Solution of the gravitino KSE
In the absence of matter multiplets, supersymmetric solutions of the minimal
N = (1, 0) theory preserve either N = 4 or N = 8 supersymmetries, i.e. the
solutions are either half supersymmetric or maximally supersymmetric.
To see this, observe that the KSE (176) is covariant under the action of
Spin(5, 1). This can be used to choose a representative for the first Killing
spinor. As Spin(5, 1) = SL(2,H) and the space of spinors is essentially iden-
tified with H2, one can always choose the first Killing spinor as ǫ = 1 + e1234.
Next, it is straightforward to see that the covariant derivative ∇ˆ in the grav-
itino KSE (176) commutes with the generators of Sp(1) in (182). So if ǫ =
1 + e1234 is a Killing spinor, then all of the first four spinors in (181)
1 + e1234 , i(1− e1234) , e12 − e34 , i(e12 + e34) , (183)
will also be Killing. Therefore the backgrounds must preserve four supersym-
metries. The isotropy group of all four Killing spinors is Sp(1)×H in Spin(5, 1).
Therefore hol(∇ˆ) ⊆ Sp(1)× H.
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Furthermore, if a background admits an additional Killing spinor to the first
four already chosen, then it will preserve all supersymmetries and will thus
be maximally supersymmetric. This can be easily seen upon inspection of the
basis (181) and after the application of the argument above with the generators
of Sp(1) in (182).
6.2 N = 4 solutions
6.2.1 Geometry
As the only KSE of minimal N = (1, 0) supergravity theory is the gravitino
KSE, the geometry of the background is characterized by the assertion that the
holonomy of supercovariant connection ∇ˆ is contained in the isotropy group
of the Killing spinors in Spin(5, 1), hol(∇ˆ) ⊆ Sp(1) ⋉ H. To investigate the
consequences of this on the geometry of spacetime, one can to compute the
form bi-linears. Given two spinors ǫ1 and ǫ2, these are given by
τ =
1
k!
B(ǫ1,ΓA1...Akǫ2) e
A1 ∧ · · · ∧ eAk , (184)
where B is the Majorana inner product of Spin(9, 1), see appendix B, and eA
is a spacetime coframe. Assuming that ǫ1 and ǫ2 satisfy the gravitino KSE, it
is easy to see that
∇ˆAτ = 0 . (185)
The forms τ are covariantly constant with respect to ∇ˆ.
Applying this to the N = 4 backgrounds under investigation, the linearly
independent bi-linears of the Killing spinors (183) in the spinorial geometry
coframe, see (B.12) in appendix B, are
X ..= e− , τr ..= e− ∧ ωr , r = 1, 2, 3 , (186)
where
ω1 = −iδαβ¯eα ∧ eβ¯ , ω2 = −e1 ∧ e2 − e1¯ ∧ e2¯ ,
ω3 = i(e
1 ∧ e2 − e1¯ ∧ e2¯) , α, β = 1, 2 . (187)
Therefore X is a null one-form and ωr are the fundamental forms of Sp(1).
Note that in the same coframe the metric is written as ds2 = 2e−e++2δαβ¯e
αeβ¯ .
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It what follows it is convenient to choose the real coframe basis {ei} = {eα, eα¯}
and write the metric and 3-form H as
ds2=2e−e+ + δijeiej ,
H =H−+i e− ∧ e+ ∧ ei + 1
2
H+ij e
+ ∧ ei ∧ ej
+
1
2
H−ij e− ∧ ei ∧ ej + H˜ , (188)
where H˜ = 1
3!
Hijke
i ∧ ej ∧ ek. The anti-self duality of H implies that H+ij is
anti-self-dual and H−ij is self-dual as 2-forms in the directions transverse to
the lightcone, and Hijk = ǫijk
lH−+l.
The choice of the local coframe {e−, e+, ei : i = 1, . . . , 4} is not unique. The
isotropy group of the Killing spinors, Sp(1) ⋉ R8, acts on the coframe with
local transformations as
e− → e− , e+ → e+ − qiOij ej − 1
2
q2 e− , ei → Oij ej + qi e− , (189)
where O takes values in Sp(1) and q in H. So there is no natural way to
choose the transverse directions to the lightcone. This is a special case of a
more general phenomenon that occurs in all supersymmetric backgrounds that
admit Killing spinors which have isotropy groupK⋉Rm in a spin group, where
K is a compact group, see also section 7. The associated coframe transforms
as in (189) with O ∈ K and q ∈ Rm.
Nevertheless one can proceed as follows. The existence of a parallel null 1-form
e− defines a trivial sub-bundle I in the cotangent bundle T ∗M of spacetime.
Consider the orthogonal sub-bundle of I, I⊥, in T ∗M . As the fibres of I are
along the null direction e−, the fibres of I⊥ are spanned by {e−, ei : i =
1, . . . , 4} so I ⊂ I⊥. The “transverse bundle” (or screening space) to the
lightcone, T , is defined as T = I⊥/I. This description of T generalizes to all
backgrounds with Killing spinors that have isotropy group K ⋉ Rm.
The 2-forms ωr in (187) are sections of Λ
2(T ), where we have identified T and
its dual with the transverse metric g˜ = δije
iej . Furthermore one can define
(almost) complex structures Ir on T , ωr(Y˜ , Z˜) = g˜(Y˜ , IrZ˜), where Y˜ = Y˜ iei
and similarly for Z˜. One can verify that I21 = I
2
2 = −1, I1I2 = −I2I1 and
I3 = I1I2.
The conditions that the gravitino KSE imposes on the spacetime geometry
can be written as
∇ˆAX = 0 , ∇ˆAτr = 0 . (190)
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The first condition in (190) implies that
iXH = dX , LXg = 0 . (191)
Therefore the iXH component of H is determined in terms of the geometry
and X is a Killing vector field on the spacetime M . As H is closed, the first
condition in (191) also implies that H is invariant under the action of the
vector field X , LXH = 0.
It remains to solve the second condition in (190). This can be decomposed as
∇+(ωr)ij =H+k [i(ωr)j]k = 0 ,
∇−(ωr)ij =H−k [i(ωr)j]k ,
∇ˆi(ωr)jk=∇i(ωr)jk +Hmi[j(ωr)k]m = 0 , (192)
where we have used that in the coframe {e−, e+, ei : i = 1, . . . , 4} the condition
hol(∇ˆ) ⊆ Sp(1) × H implies that ΩˆA,+B = 0. The right-hand-side of the first
condition in (192) vanishes because H+ij is anti-self-dual while ωr are self-dual
forms. Thus ∇Xωr = 0 and as a result
LX(e− ∧ ωr) = 0 . (193)
On the other hand the second condition in (192), together with the fact that
H−ij is self-dual, implies that H−ij is entirely determined in terms of the
geometry. The last condition in (192) is that which one expects for a manifold
with metric ds˜2 = δije
iej, torsion H˜ and cotangent bundle T to admit a
HKT structure [116]. As T has rank four, the HKT condition implies that the
complex structures Ir are integrable. After solving all the conditions that arise
from the KSE, the fields can be written as
ds2=2e−e+ + δije
iej ,
H = e+ ∧ de− −
(
1
16
(ωr)kl∇−(ωs)klǫrst
)
(ωt)ij e
− ∧ ei ∧ ej
− 1
3!
(de−)−ℓ ǫ
ℓ
ijk e
i ∧ ej ∧ ek . (194)
It is clear that H is determined in terms of the geometry.
Before we proceed with the investigation of the geometry of these backgrounds
in more detail, and describe the explicit solutions, let us comment on the
solution of the KSEs of gauged (1, 0) supergravity coupled to any number of
tensor, vector and scalar multiplets which has been carried out in [114]. First,
the holonomy of the supercovariant connection of such a theory is in Spin(5, 1)·
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Sp(1) instead of Spin(5, 1), where the additional Sp(1) subgroup is due to the
inclusion of scalar multiplets. There are also a priori backgrounds that preserve
N = 1, N = 2, N = 3, N = 4 and N = 8 supersymmetries. Furthermore there
are two kinds of bilinears. Those that are forms on the spacetime, like e−, and
those that are forms which are twisted with an Sp(1) bundle like e−∧ωr. The
additional Sp(1) twist changes the geometry of the spacetime. For example
the geometry of the N = 1 backgrounds is now based on quaternionic Ka¨hler
geometries with torsion [117] instead of HKT geometries. Of course there
are many more additional conditions that arise from the KSEs of the matter
multiplets. For more details, see the original publication.
6.2.2 Special coordinates
To give a local description of the geometry of Sp(1) ⋉ H backgrounds, one
can proceed as follows. First let us adapt a coordinate u along the ∇ˆ parallel
vector field X = ∂u. Then a coframe can be chosen as
e− = W−1(dv +mIdy
I) , e+ = du+ V dv + nIdy
I ,
ei = e˜i
I
dyI + pidv , (195)
where v, yI are the rest of the spacetime coordinates and W,V, e˜ and p can
depend on all spacetime coordinates. After performing a coframe rotation as
in (189) with O = 1, one can set p = 0 after a possible redefinition of V, n and
e˜. Note that this is equivalent to choosing a splitting I⊥ = I ⊕ T .
As all the geometric data of the theory, including the metric, H and the
fundamental forms in (186), are invariant under X , a coframe can also be
chosen such that it is independent of u. In such a case, the expression for the
3-form flux in (194) can be simplified to
H = d(e− ∧ e+)− 1
3!
(de−)−ℓ ǫ
ℓ
ijk e
i ∧ ej ∧ ek , (196)
where ei = e˜i
I
dyI. As a result dH = 0 leads to a harmonic-like condition on
W which will be explored to find solutions.
6.2.3 Solutions
Before we proceed to give some examples of solutions, the KSE implies that
some of the field equations of the theory are automatically satisfied. To see
this observe that the integrability condition (179) upon taking an appropriate
Majorana inner product with ǫ implies that EA− = 0. Using this and acting
on (179) with EACΓ
C, one finds that EAiEA
i = 0 as ǫ 6= 0, where there is
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no summation over A. Thus all field equations are implied provided that one
imposes E−− = 0 and the Bianchi identity dH = 0.
A large class of solutions can be found after assuming in addition that ∂v leaves
all the fields invariant. Then the spacetime can be viewed locally as a fibration
having fibre R2 with coordinates (u, v) over a base space B4 which is a 4-
dimensional HKT manifold. The co-tangent space T ∗B4 of the HKT manifold
is identified with T . It follows from (195) and (196) that H˜ ∼ ⋆4(W−1dW ).
It is known that 4-dimensional HKT manifolds with a co-exact torsion H˜ are
conformal to hyper-Ka¨hler. Collecting these data together, the metric and
3-form field strength can be written as
ds2=2e−e+ +Wds2hk , H = d(e
− ∧ e+) + ⋆hkdW , (197)
where {e−, e+} are given in (195) but now all components are independent of
both the coordinates u and v, ds2hk is a hyper-Ka¨hler metric and the Hodge
duality operation has been taken with respect to ds2hk as indicated.
These backgrounds solve the KSEs and the field equations provided that
∇2hkW = ∇2hkV = 0 , ⋆hk dm = −dm ,
⋆hk(dn−WdV ∧m) = (dn−WdV ∧m) , (198)
i.e. W and V are harmonic functions on the hyper-Ka¨hler manifold B4. The
remaining two conditions in (198) are implied by the requirement that H+ij
and H−ij are anti-self-dual and self-dual, respectively.
For e− ∧ de− = 0, i.e. m = 0, the solutions have the interpretation of rotating
dyonic strings with a pp-waves propagating on them. The space transverse
to the strings is the hyper-Ka¨hler manifold B4. For B4 = R4, one obtains
planar dyonic strings with W = 1 + (Qs/|y|2) and V = Qw/|y|2, where Qs
is the charge of the string and Qw is the momentum along the wave. For
V = 0, one recovers the dyonic string of [5]. A solution for n can also be
found, see e.g. [118]. Many more solutions can be constructed for different
choices of the hyper-Ka¨hler metric, such as those used to describe certain
black hole microstate geometries [119,120], which are described by a Gibbons-
Hawking base space. An extensive investigation of the solutions can be found
in [121–123].
6.3 Maximally supersymmetric backgrounds
For the maximally supersymmetric backgrounds Rˆ = 0. Therefore, these are
parallelizable 6-dimensional Lorentzian manifolds with respect to a connection
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with skew-symmetric torsion. These are Lorentzian signature group manifolds
equipped with the bi-invariant metric, and up to a local isometry they can be
identified with
R
5,1 , SL(2,R)× SU(2) , CW6 , (199)
where H is given in terms of their structure constants. The anti-self-duality
condition on H implies that the radii of SL(2,R) and SU(2) must be equal
and that the structure constants β of the Cahen-Wallach group manifold CW6
are self-dual, see appendix C.2.
7 Geometry of heterotic supergravity backgrounds
The effective theory of the heterotic string [124,125] can be described by a type
I theory, i.e. a theory with 16 supercharges in 10 dimensions, which includes
higher curvature corrections. These can be organized in an expansion in terms
of the string length square parameter, α′, and coupling constant, gs. The
α′ corrections can be computed by a sigma model loop calculation. The light
bosonic fields of heterotic strings are the spacetime metric g, the NS-NS 3-form
field strength H , the dilaton Φ and the 2-form gauge field F with gauge groups
either E8×E8 or SO(32)/Z2. These theories exhibit several attractive features
as they are chiral and upon a compactification on 6-dimensional Calabi-Yau
manifolds give rise to N = 1 theories in 4 dimensions. As a result they have
been extensively explored in string phenomenology.
The feature that will be described here is the solution the KSEs of heterotic
supergravity. This has been done in all cases [115, 126, 127] and as a result
the geometry of all backgrounds that preserve some of the supersymmetry of
the underlying theory can be systematically described. Progress towards the
solution of the KSEs of the related common sector in type II theories has also
been made, see e.g. [128].
7.1 Fields, KSEs, integrability conditions and spinors
7.1.1 KSEs and field equations
The world-sheet theory of the heterotic string is chiral and it exhibits an
anomaly which is canceled by an anomaly cancelation mechanism [129]. This
modifies the Bianchi identity of the three-form field strength H as
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dH = −1
4
α′
(
trR˜2 − trF 2
)
+O(α′2) , (200)
where R˜ is the curvature of a spacetime connection ∇˜. The choice of R˜ is
renormalization scheme dependent and we shall leave R˜ arbitrary at the mo-
ment.
Up to and including two-loops in the sigma model perturbation theory [130],
the KSEs of the effective theory [131–133] can be written as
DMǫ ..= ∇ˆMǫ+O(α′2) = 0 ,
Aǫ ..=(ΓM∂MΦ− 1
12
HMNLΓ
MNL)ǫ+O(α′2) = 0 ,
Fǫ ..=FMNΓMNǫ+O(α′2) = 0 , (201)
where
∇ˆNY M ..= ∇NY M + 1
2
HMNRY
R . (202)
The first equation is the gravitino KSE for a metric connection ∇ˆ with torsion
given by the 3-form field strength H . The second equation is the dilatino KSE
and the last is the gaugino KSE. The KSEs retain their one loop form as they
do not receive an explicit 2-loop contribution.
Furthermore, the field equations of the theory after including the two-loop
sigma model correction are
EMN ..=RMN +
1
4
HRMLH
L
NR + 2∇M∂NΦ
+
α′
4
[R˜MP ,QRR˜N
P ,QR − FMPabFNPab] +O(α′2) = 0 ,
LHPR ..=∇M [e−2ΦHMPR] +O(α′2) = 0 ,
LΦ ..=∇2Φ− 2∇MΦ∇MΦ− 1
12
HMNPH
MNP
+
α′
12
(
R˜N1N2N3N4R˜
N1N2N3N4 − FMNabFMNab
)
+O(α′2) = 0 ,
LFM ..= ∇ˆM [e−2ΦFMN ] +O(α′2) = 0 . (203)
The Einstein and dilaton field equations receive a 2-loop contribution while
the field equations for H and F retain their one-loop form.
In the investigation of solutions of the theory two distinct cases have been
considered distinguished by whether the anomaly contribution to dH and the
two-loop contribution to the field equations vanish or not. These can vanish
provided an appropriate choice is made for F and R˜, i.e. F = R˜. Of course in
such a case dH = 0.
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For the solution of the KSEs of heterotic supergravity that follows, we shall
initially assume that both the anomaly and the two-loop contributions to the
field equations vanish. Later in section 7.5, we shall explain how our analysis
can be modified to describe the geometry of supersymmetric solutions with
non-vanishing anomaly and two-loop contributions.
7.1.2 Integrability conditions of KSEs
It is well-known that the KSEs imply some of the field equations of supersym-
metric backgrounds. To investigate this, as well as to identify some additional
consistency conditions required for the compatibility between the Bianchi iden-
tity, the KSEs and the field equations of the theory, see section 7.5, let us
consider the integrability conditions of the KSEs (201) of the heterotic super-
gravity. These are, see also [134],
RMNǫ ..= [DM ,DN ]ǫ = 1
4
RˆMN,ABΓ
ABǫ=O(α′2) ,
[DM ,F ]ǫ = [∇ˆM , FNLΓRS ]ǫ=O(α′2) ,
[DM ,A]ǫ = [∇ˆM , ∂NΦΓN − 1
12
HNPQΓ
NPQ]ǫ=O(α′2) ,
[F ,A]ǫ = [FRSΓRS, ∂NΦΓN − 1
12
HNPQΓ
NPQ]ǫ=O(α′2) . (204)
Multiplying the first expression above with ΓN and using appropriately the
remaining integrability conditions, one finds that
−2E(0)
MN
ΓNǫ− e2ΦLHMNΓNǫ− 1
6
BHMABCΓ
ABCǫ=O(α′2) ,
LΦ(0)ǫ− 1
4
e2ΦLHMNΓ
MNǫ− 1
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BHMNPQΓ
MNPQǫ=O(α′2) ,
1
3
BFMNPΓ
MNP ǫ+ 2e2ΦLFNΓ
Nǫ=O(α′2) , (205)
where BHMNPQ ..= dHMNPQ, BFMNR ..= 3∇[MFNR] and we have expanded the
Einstein equation as E = E(0) + α′E(1) + O(α′2) and similarly for LΦ the
field equation for the dilaton. We have also used that LH = LH(0) +O(α′2),
LF = LF (0) +O(α′2) and BF = BF (0) +O(α′2). Of course BH = α′BH(1) +
O(α′2). These integrability conditions assume a rather simple form whenever
BH = dH = 0 and BF = 0 which we shall explore later.
7.1.3 Spinors
The general description of spinors in terms of forms is given in appendix B.
In particular, the Dirac spinors of Spin(9, 1) are identified with Λ∗(C5), and
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the positive chirality spinors are in Λev(C5). A basis in Λev(C5) is
ei1...ik , k = 0, 2 ; ei1...ik5 , k = 1, 3 , (206)
where i1, . . . , ik = 1, . . . , 4. This is a complex basis. To describe the Killing
spinors of heterotic supergravity, one has to impose a reality condition. This
is done using the reality map rB = −Γ0b∗ = Γ6789∗. As a result, a real basis is
ei1...ik + (−1)[k/2] ⋆ ei1...ik , i(ei1...ik − (−1)[k/2] ⋆ ei1...ik) , k = 0, 2,
ei5 − ⋆ei5 , i(ei5 + ⋆ei5) , (207)
where i1 < · · · < ik and star is the Hodge operation in Λ∗(C4). The Killing
spinors of Heterotic supergravity have real components in the basis (207).
7.2 Solution of the Killing spinor equations for dH = 0
To begin, let us assume that the anomaly contribution to the Bianchi identity
vanishes so dH = 0. It is convenient to solve the KSEs in the order gravitino,
gaugino and dilatino. One of the issues that arises is whether all the spinors
that solve the gravitino KSE also solve the other two. We shall mainly focus
on the description of the geometry of those backgrounds for which all solutions
of the gravitino KSE also solve the other two. Then we shall describe some of
the properties of the descendants, i.e. the backgrounds for which only some of
the solutions of the gravitino KSE solve also the gaugino and dilatino KSEs.
7.2.1 Solving the Gravitino KSE
The gravitino Killing spinor equation is a parallel transport equation for a
metric connection with skew-symmetric torsion, ∇ˆ. The (reduced) holonomy
of ∇ˆ for generic backgrounds is in Spin(9, 1), i.e. in the same group as the
gauge symmetry of the theory. The integrability condition of the gravitino
KSE
RˆMN, ABΓABǫ = 0 , (208)
implies that either the Killing spinors have a non-trivial isotropy group in
Spin(9, 1) or the spacetime is parallelizable, Rˆ = 0.
In the latter case, the spacetime is a Lorentzian group manifold. In particular,
it decomposes, up to discrete identifications, to a suitable product of SL(2,R),
R
n,1, Rn, SU(2), SU(3) and CWn(A) n ≥ 4 groups. The latter groups have
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been defined in appendix C.2. The metric on the semi-simple group manifolds
is required to be bi-invariant as the group manifold structure constants are
identified with H which is a 3-form.
Next suppose that the parallel spinors ǫ1, . . . , ǫL have a non-trivial isotropy,
or stability, group, Stab(ǫ1, . . . , ǫL) ⊂ Spin(9, 1). The spinors ǫ1, . . . , ǫL are
solutions of the gravitino KSE provided that the holonomy of ∇ˆ, hol(∇ˆ), is
contained in Stab(ǫ1, . . . , ǫL),
hol(∇ˆ) ⊆ Stab(ǫ1, . . . , ǫL) . (209)
The isotropy groups as well as representatives of the parallel spinors have been
tabulated in table 1. There are two types of isotropy groups distinguished by
whether their topology is compact or not. As in the previous theories we have
described, the geometric properties of spacetime depend on the topology of
the isotropy group.
The requirement (209) completely describes the solutions of the gravitino KSE.
A consequence of (209) is that and the k-form bi-linears τ of the ∇ˆ-parallel
spinors defined in appendix B are also parallel, i.e.
∇ˆMτN1...Nk = 0 . (210)
The forms τ are the fundamental forms of the group Stab(ǫ1, . . . , ǫℓ) viewed
as the structure group of the spacetime. Therefore (210) can be interpreted as
the conditions required for a manifold with structure group Stab(ǫ1, . . . , ǫℓ) to
admit a compatible connection with with skew-symmetric torsion.
7.2.2 Solving the Gaugino KSE
The gaugino KSE in (201) can be viewed as the invariance condition of the
spinor ǫ under infinitesimal Spin(9, 1) rotations generated by the 2-form field
strength F . As such it is similar to the integrability condition of the gravitino
KSE (208). Therefore either the solutions ǫ of the gaugino KSE have a non-
trivial isotropy group in Spin(9, 1) or F = 0. In the former case, the restriction
on F is to lie in the Lie algebra of the isotropy group of spinors. These are
the Lie algebras of the groups already tabulated in table 1.
Suppose now that we have already solved the gravitino KSE and ∇ˆ has holon-
omy hol(∇ˆ) = G, where G is one of the isotropy groups in table 1. The
solutions of the gaugino KSE span a subspace of the solutions of the gravitino
one. It turns out after some investigation [135] that this subspace can always
be identified with the Lie algebra of one of the isotropy groups K in table 1
that is included in the Lie algebra of G, LieK ⊆ LieG.
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L Stab(e1, . . . , eL) parallel ǫ
1 Spin(7)⋉ R8 1 + e1234
2 SU(4) ⋉R8 1
3 Sp(2)⋉ R8 1, i(e12 + e34)
4 ×2SU(2) ⋉R8 1, e12
5 SU(2) ⋉ R8 1, e12, e13 + e24
6 U(1)⋉ R8 1, e12, e13
8 R8 1, e12, e13, e14
2 G2 1 + e1234, e15 + e2345
4 SU(3) 1, e15
8 SU(2) 1, e12, e15, e25
16 {1} ∆+16
Table 1
In the columns are listed the number of invariant and therefore ∇ˆ-parallel spinors,
their isotropy groups in Spin(9, 1) and a basis in the space of invariant spinors,
respectively. The basis of parallel spinors is always real. So if a complex spinor is
given as a basis spinor it is understood that one should always take the real and
imaginary parts.
To proceed one can either solve the gravitino KSE on the spinors with isotropy
group G and then separately solve the gaugino KSE by requiring F to lie in
the subalgebras of LieG contained in table 1, or we can solve both gravitino
and gaugino KSEs for the spinors invariant under K, i.e. the group that leaves
invariant the solutions of the gaugino KSE. The geometry of spacetime with
hol(∇ˆ) = K is less constrained from that with hol(∇ˆ) = G. As a result the
solutions to both gravitino and gaugino KSEs with hol(∇ˆ) = K include all
those with the conditions hol(∇ˆ) = G and F restricted to lie in LieK. So
without loss of generality, one can consider only the backgrounds for which all
solutions of the gravitino KSE are also solutions of the gaugino KSE. This is
the strategy that we shall adopt from here on.
7.2.3 Solving the Dilatino KSE
To solve the dilatino KSE, let us assume we have solved both the gravitino and
gaugino ones and denote the space of their solutions with KG. KG is identified
with the span of parallel spinors given in table 1. The space of solutions KD
of the dilatino KSE is a subspace in KG, KD ⊆ KG. To find all solutions of the
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KSEs of heterotic supergravity, one has to identify all subspaces of KG which
after solving the dilatino KSE give rise to a distinct spacetime geometry.
The method that has been introduced in [126] to solve this problem is to
consider the subgroups Σ(KG) ⊂ Spin(9, 1) which act almost effectively on
KG. Clearly such transformation preserve the solutions of the gravitino and
gaugino KSEs and can be used to choose KD in KG. As all KSEs are covariant
under Spin(9, 1) gauge transformations, acting with elements of Σ(KG) does
not change the geometry of spacetime.
A detailed investigation of the action of Σ(KG) on KG reveals the following. If
the isotropy group of the solutions of both the gravitino and gaugino KSEs is
non-compact, then up to a Σ(KG) transformation KD can be identified with
one of spaces of the invariant spinors in table 1 contained in KG. Using the
same argument as for the solution of the dilatino KSE, we can conclude that
it suffices to consider only the cases for which all ∇ˆ-parallel spinors also solve
the gaugino and dilatino KSEs. This is because these cases contain all other
supersymmetric solutions of the theory for which only some of ∇ˆ-parallel
spinors solve the other two KSEs.
It remains now to consider the case for which the isotropy group of the
solutions of the gaugino and dilatino KSEs is compact. Again Σ(KG) can
be employed to choose KD in KG. All the possibilities have been described
in [126,135,136]. A further simplification can be made provided that dH = 0.
In such a case, the Bianchi identity of Rˆ,
RˆA[B,CD] = −1
3
∇ˆAHBCD , (211)
and the field equations imply that
RˆMN,PQΓ
NΓPQǫ =
1
36
∇ˆM
(
ΓN∂NΦ− 1
12
HNPQΓ
NPQ
)
ǫ . (212)
Thus if ǫ solves the gravitino KSE but not the dilatino one, the gaugino KSE
is covariantly constant with respect to ∇ˆ. This signals that the holonomy of
∇ˆ reduces to a subgroup of the isotropy group of the ∇ˆ-parallel spinors. It
can be shown that if there is a holonomy reduction, the pattern of reduction
is
G2 ⊃ SU(3) ⊃ SU(2) ⊃ {1} (213)
Thus it suffices to investigate the descendants for the cases in which the holon-
omy of ∇ˆ is strictly G2, SU(3), SU(2) and {1}. Using this together with
70
the classification of Lorentzian Lie algebras up to dimension six, one estab-
lishes the results described in table 2. It turns out that the G2 (N = 1)
and SU(3) (N = 1) solutions are included in the Spin(7) × R8 (N = 1)
backgrounds, and the SU(3) (N = 2) solutions are included in either the
G2 (N = 2) or in the SU(4)⋉ R
8 (N = 2) solutions.
hol(∇ˆ) N
Spin(7)⋉ R8 1
SU(4)⋉ R8 ր, 2
Sp(2)⋉ R8 ր, ր, 3
×2SU(2)⋉ R8 ր, ր, ր, 4
SU(2)⋉ R8 ր, ր, ր, ր, 5
U(1) ⋉ R8 ր, ր, ր, ր, ր, 6
R
8 ր, ր, ր, ր, ր, ր, −, 8
G2 1, 2
SU(3) 1, 2, − , 4
SU(2) −, 2, −, 4, −, 6, −, 8
{1} 8, 10, 12, 14, 16
Table 2
In the columns are listed the holonomy groups that arise in the solution of the
gravitino KSE and the number N of supersymmetries, respectively.ր and − denote
the entries in table 2 of [127] that are special cases of backgrounds for which all
parallel spinors are Killing and those that do not occur, respectively.
7.3 Geometry of backgrounds with non-compact holonomy
From the results collected in table 2 regarding the description of all indepen-
dent solutions of the KSEs whose parallel spinors have a non-compact isotropy
group, it suffices to describe the geometry of the backgrounds for which all
parallel spinors are Killing, i.e. the parallel spinors solve all KSEs. So there
are seven cases to consider all of which share common geometric properties.
Because of this, to begin with we shall describe all of them together and only
at the end provide formulae particular to each case.
7.3.1 Solving the Gravitino KSE
To begin let us denote the isotropy group of the Killing spinors as K ⋉ R8,
where K is the compact subgroup, see table 1. In the spinorial geometry
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coframe {e−, e+, ei : i = 1, . . . , 8}, the form bilinears of the Killing spinors
can be written as
X = e− , τ = e− ∧ φ , (214)
where e− is a null one-form and φ denotes collectively all the fundamental
forms of K. As the Killing spinors ǫ satisfy ∇ˆǫ = 0, the form bilinears also
satisfy
∇ˆX = 0 , ∇ˆτ = 0 . (215)
As for the N = 4 backgrounds of minimal (1,0) d = 6 supergravity, the
coframe {e−, e+, ei : i = 1, . . . , 8} transforms under the isotropy group K⋉R8
as in (189), where now O takes values in K and q in R8. There is no natural
definition of the e+ light-cone direction or that of the ei directions “transverse”
to the lightcone. Nevertheless the directions transverse to the lightcone can be
identified as the orthogonal directions to e−, which are spanned by {e−, ei :
i = 1, . . . , 8}, up to identifications along e−. So again the bundle transverse
to the lightcone is T = I⊥/I, where I is the trivial sub-bundle of T ∗M with
fibre spanned by e− and I⊥ is its orthogonal complement in T ∗M .
Let us now consider the condition (215). First, one finds that
∇ˆAX = 0⇐⇒ dX = iXH , LXg = 0 . (216)
Thus the vector field X is Killing. As dH = 0, it leaves H invariant as well.
The same applies for the dilaton Φ as well.
To continue observe that in the coframe we have chosen, the restriction of ∇ˆ
to have holonomy contained in K⋉R8 implies that ΩˆA,+B = 0. Using this, the
second condition in (215) can be rewritten as
∇+φj1...jk = (−1)k
k
2
H+
i
[j1φj2...jk]i ,
∇−φj1...jk = (−1)k
k
2
H−i[j1φj2...jk]i ,
∇ˆiφj1...jk =0 . (217)
To investigate the geometric significance of (217) observe that K ⊂ Spin(8)
and as the Lie algebra of Spin(8) is spin(8) = Λ2(R8), the Lie algebra of K, k,
is a subspace of Λ2(R8), k ⊂ Λ2(R8). Therefore we can write Λ2(R8) = k⊕ k⊥,
where k⊥ is the orthogonal complement of k in Λ2(R8). This decomposition of
vector spaces leads to a decomposition of Λ2(T ) as Λ2(T ) = Λ2k ⊕ Λ2k⊥, where
Λ2k and Λ
2
k⊥ have typical fibre k and k
⊥, respectively.
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Next let us focus on the first equation in (217). It is clear that this condition
does not depend on iXH|Λ2
k
and expresses iXH|Λ2
k⊥
in terms of the covariant
derivative of φ along X . However, iXH|Λ2
k⊥
is also expressed in terms of the Λ2k⊥
component of de− in (216). Therefore consistency requires that schematically
(de−)|Λ2
k⊥
= (∇Xφ)|Λ2
k⊥
, (218)
which is interpreted as a condition on the geometry.
Similarly, one can see from the second condition in (217) that (H−)|Λ2
k
is not
restricted by the gravitino KSE while (H−)|Λ2
k⊥
is expressed in terms of the
∇−φ.
It remains to investigate the last condition in (217). This can be analyzed as
though it is examined on an 8-dimensional manifold with tangent space T
admitting a K-structure compatible with a connection with skew-symmetric
torsion. The end result depends on the K structure at hand and it may or may
not give additional conditions on the geometry. In all cases, the component of
H along Λ3(T ) is entirely determined in terms of the geometry.
Furthermore, notice that a consequence of (215), (216) and (217) is that the
only not trivial component of LXτ is
LXτ−i1...ik = k(iXH)j [i1τi2...ik]j− . (219)
Thus the form bilinears τ are invariant under the vector field X , LXτ = 0, if
iXH|Λ2
k⊥
= 0. This turns out to be useful in the investigation of geometry of
some backgrounds.
7.3.2 Solving the Gaugino KSE
The gaugino Killing spinor equation implies that
F ∈ Λ2
k⊕R8 ⊗ h , (220)
where h is the Lie algebra of the gauge group. This means that there is a
1-form P and a 2-form Q along the transverse directions with values in the
Lie algebra of the gauge group such that
F = e− ∧ P + Q , (221)
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where Q ∈ Λ2k ⊗ h. The condition on Q is a standard instanton like condition
which arises on manifolds with structure group K. These will be described
later for the individual cases that occur.
7.3.3 Solving the Dilatino KSE
It remains to investigate the conditions that arise on the fields form the dilatino
KSE. In all cases, the dilatino KSE implies that
iXdΦ = 0 , dX|Λ2
k⊥
= 0 , 2∂iΦ− (θ˜φ)i −H−+i = 0 . (222)
So the dilaton is invariant under the action of X . The second condition is
equivalent to requiring that de− ∈ Λ2
k⊕R8 and it is exactly the same condition
as that which arises from the gaugino KSE on the field strength F . Thus (216),
(222) and (219) imply that
LXτ = 0 , (223)
and that the geometric condition (218) is automatically satisfied. The third
condition in (222) is a geometric condition which relates the Lee form θ˜φ of
φ to the dilaton Φ and a component of H . The expression of the Lee form
depends on φ and it will be given later during the investigation of individual
cases.
The dilatino Killing spinor equation implies additional conditions to those
given in (222). However, these depend on the choice of holonomy groupK⋉R8.
The conditions (216), (222) and (223) are common for all cases and we shall
refer them as universal. It remains to explain the non-universal conditions on
the spacetime geometry which depend on the case under consideration. These
arise from both the ∇ˆτ = 0 condition restricted along the directions transverse
to the light-cone and from the dilatino KSE.
7.3.4 Fields
After solving the KSEs, one can demonstrate that in all cases the metric and
3-form field strength can be written as
ds2=2e−e+ + δijeiej ,
H = de− ∧ e+ + e− ∧ (h˜+ k˜) + H˜ , (224)
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where h˜ ∈ Λ2k , k˜ ∈ Λ2k⊥ and H˜ = H|T = 13!Hijkei ∧ ej ∧ ek. The h˜ component
of H is not restricted by the KSEs and it remains arbitrary. However the
restriction h˜ ∈ Λ2k imposes an instanton like condition on h˜ associated to
each K. The k˜ and H˜ components of H are always expressed in terms of
the geometry of spacetime but the precise relation depends on the choice of
the holonomy group. In what follows, we shall not express k˜ in terms of the
geometry as it does not appear in local calculations after an appropriate choice
of a coframe.
7.3.5 Spin(7)⋉ R8, N = 1
The form bilinears are e− and τ = e−∧φ, where φ is the self-dual fundamental
4-form of Spin(7), see [115] for an expression of φ in the spinorial geometry
coframe. The instanton condition on the h˜ component of H , the Q component
of F and the de−|Λ2
T
component of de− to be in Λ2spin(7) is
h˜ij =
1
2
φij
klh˜kl , (225)
and similarly for the other two fields.
The remaining conditions of the gravitino KSE give
H˜ = − ⋆8 d˜φ+ ⋆8(θ˜φ ∧ φ) , (226)
where the Lee form of φ is
θ˜φ = −1
6
⋆8 (⋆8d˜φ ∧ φ) , (227)
the Hodge duality operation is that in T , and d˜ denotes the exterior derivative
like operation defined on 1-forms restricted to T as d˜τ = (∂iτj−Ωi,kjτk)ei∧ej
and similarly extended to k-forms restricted to T .
The dilatino KSE does not give any additional conditions to those already
presented in (222). The Lee form that appears in the last equation of (222) is
(227).
It is clear that H˜ can be expressed in terms of the fundamental Spin(7) form φ.
The expression is similar to that for a d = 8 Euclidean signature manifold with
a Spin(7) structure and compatible connection with skew-symmetric torsion
[137]. There are no further geometric conditions implied by the gravitino KSE
as any 8-dimensional manifold with a Spin(7) structure admits a unique such
connection.
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7.3.6 SU(4)⋉ R8, N = 2
The ∇ˆ-parallel forms are e−, e− ∧ ωI and e− ∧ χ, where ωI and χ are the
Hermitian 2-form associated with an almost complex structure I on T and
the (4,0) fundamental forms of SU(4), respectively. The normalization of the
fundamental forms chosen is 1
4!
∧4 ωI = 2−4χ ∧ χ¯ = dvolT , where dvolT is the
volume form of the metric on T .
The condition that h, Q and de−|T must be in Λ2su(4) reads
h˜klI
k
iI
l
j = h˜ij , h˜ijω
ij
I = 0 , (228)
and similarly for the other two fields.
The gravitino KSE together with the second condition in (230) below gives
H˜ = −iI˜ d˜ωI = ⋆8(d˜ωI ∧ ωI)−
1
2
⋆8 (θ˜ωI ∧ ωI ∧ ωI) . (229)
The expression for H˜ is as that for complex d = 8 manifolds with either a
U(4) or an SU(4) structure and compatible connection with skew-symmetric
torsion. Manifolds with SU(n) structures have extensively been explored in
the literature, see e.g. [131, 132, 138–143].
The additional geometric conditions implied by the KSEs are
θ˜ωI = θ˜Reχ , N˜ (I) = 0 , (230)
where
θ˜ωI = − ⋆8 (⋆8 d˜ωI ∧ ωI) , θ˜Reχ = −
1
4
⋆8 (⋆8d˜Reχ ∧ Reχ) , (231)
are the Lee forms of ωI and Reχ, respectively, and N˜ is the Nijenhuis tensor
of I restricted along the transverse directions. The vanishing condition of the
Nijenhuis tensor is equivalent to requiring that H˜ is a (2,1)- and (1,2)-form
with respect to I.
The vanishing of the Nijenhuis tensor is implied by the dilatino KSE. A conse-
quence of this is that the complexified tangent bundle TM⊗C of the spacetime
admits a Lorentzian complex structure, i.e. it is a Robinson manifold [144].
To see this observe that the 1-forms (e−, eα), where I(eα) = ieα, induce an
integrable distribution on TM ⊗ C.
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On the other hand, the equality of the two Lee forms is required for the exis-
tence of a connection with skew-symmetric torsion compatible with an SU(4)
structure. This geometric condition arises because H˜ is uniquely determined
in (229) in terms of I and ωI . However, it is also required that χ must be
covariantly constant with respect to ∇ˆ along T . This also expresses some of
the components of H˜ in terms of the metric and χ. So the compatibility of
∇ˆωI |T = 0 and ∇ˆχ|T = 0 gives the equality of the two Lee forms in (231).
7.3.7 The geometry of solutions with 3 ≤ N ≤ 6
The holonomy of ∇ˆ for all these cases is Sp(2) ⋉ R8, N = 3; ×2SU(2) ⋉ R8,
N = 4; SU(2) ⋉ R8, N = 5; and U(1) × R8, N = 6. The geometry [126] of
all these solutions can be summarized as follows. The ∇ˆ-parallel forms which
are relevant for the description of the spacetime geometry are e− and e−∧ωr,
where ωr = ω˜r, r = 1, . . . N − 1, are Hermitian forms on T . The associated
(almost) complex structures Ir satisfy the relations of the standard basis of the
Clifford algebra Cliff(RN−1) equipped with a negative definite inner product.
For example in the Sp(2)⋉R8 case, the associated Clifford algebra is Cliff(R2).
Therefore there are two (almost) complex structures I1 and I2 that satisfy the
relations I21 = I
2
2 = −1 and I1I2 + I2I1 = 0. The third (almost) complex
structure that arises in the description of manifolds with holonomy Sp(2) is
given by I3 = I1I2.
Turning now to the description of the fields and geometry for these solutions,
the condition that h˜, F and de−|T must lie in Λ2k can be written as
h˜kl(Ir)
k
i(Ir)
l
j = h˜ij , no summation over r , (232)
and similarly for the other two fields.
Now H˜ can be given as in (229) with respect to any of the (almost) complex
structures Ir. Similarly, the last condition in (222) is valid with respect to
the Lee form θr of each of the Hermitian forms ωr. Therefore one finds the
geometric conditions
iIr d˜ωr= iIs d˜ωs , r 6= s , no summation over r or s ,
θ˜r = θ˜s , r 6= s . (233)
The expression for the Lee form θ˜r of ωr is the same as that for ωI in (231).
The only additional geometric condition that arises is
N˜ (Ir) = 0 , (234)
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which is the integrability condition of Ir. The above conditions we have de-
scribed on the geometry of the spacetime can be derived from those we have
stated for the SU(4)⋉R8 backgrounds but now require that they are valid for
each of the Ir complex structures.
7.3.8 R8, N = 8
It remains to give the conditions imposed by the KSEs on the fields of back-
grounds with holonomy R8 which preserve N = 8 supersymmetries. These
are
e− ∧ de− = 0 , H˜ = 0 , 2∂iΦ−H−+i = 0 , Q = 0 . (235)
Observe in particular that h˜ = 0 as well. Furthermore F = e− ∧ P and hence
it is null.
7.3.9 Field equations from KSEs
Some of the field equations are implied by the Killing spinor equations. It
turns out that in all the K ⋉ R8 cases, the field equations of the theory are
implied by the KSEs and the Bianchi identities, BH ≡ dH = 0 and BF = 0,
provided that in addition the following components of the field equations (203)
E−− = 0 , LH−A = 0 , LF− = 0 , (236)
are also imposed.
To see this consider the first integrability condition in (205). Taking the (Dirac)
inner product with ǫ, one finds
2EA+ + e
2ΦLHA+ = 0 . (237)
On the other hand, acting on the first integrability condition with (2EAC +
e2ΦLHAC)Γ
C, one finds that
(2EAB + e
2ΦLHAB)(2EA
B + e2ΦLHA
B) = 0, no summation over A ,(238)
as ǫ 6= 0. Combining (237) and (238), one can derive the first two conditions
in (236). A similar argument using the remaining integrability conditions in
(205) establishes the last condition in (236) as well. It should be noted that the
set of field equations that have to be imposed in addition to the KSEs to find
solutions can be further refined compared to those in (236) for backgrounds
that preserve N > 1 supersymmetries.
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7.3.10 Special local coordinates
Local coordinates to describe the geometry of K ⋉ R8 backgrounds can be
chosen in a way similar to that we have described for the Sp(1)⋉H solutions
of N = (1, 0) d = 6 supergravity in section 6.2.2. After adapting coordinates
to the Killing vector field X as X = ∂u and using a coframe rotation as in
(189), a coframe can be chosen locally as
e− = W (dv +mIdyI) , e+ = du+ V dv + nIdyI , ei = eiIdy
I . (239)
Furthermore, as the metric, H and the fundamental forms are invariant under
the action of X , all component of the coframe can be chosen to be independent
of u though they can depend on the y and v coordinates. In such a case, the
3-form flux H can be rewritten as
H = d(e− ∧ e+) + e− ∧ w˜ + H˜ , (240)
for some w˜ ∈ Λk, generally w˜ 6= h˜, which is not specified by the KSEs. Note
that w˜ satisfies the same instanton like conditions as h˜. The above expression of
H is more helpful as it is more straightforward to impose the Bianchi identity.
As we have seen in the R8, N = 8 case, e− ∧ de− = 0. Therefore there is a
function h = h(v, y) such that e− = h dv. This is useful for the classification
of half supersymmetric solutions [145] which will be described below.
7.4 Geometry of backgrounds with compact holonomy
7.4.1 Gravitino KSE
The ∇ˆ-parallel forms on the spacetime M for the compact holonomy groups
K in table 1, hol(∇ˆ) ⊆ K, are
λa = ea , φ =
1
k!
φi1...ike
i1 ∧ · · · ∧ eik , (241)
where {ea, ei} is a spinorial geometry coframe, λa are 1-forms, and φ represents
collectively the fundamental forms of K. In particular, there is always one
time-like ∇ˆ-parallel 1-form λa, and 2, 3 and 5 space-like 1-forms for K =
G2, SU(3) and SU(2) in table 1, respectively. Furthermore iaφ = 0, where ia
denotes inner derivation with respect to (the associated vector field of) λa.
The change of notation from X to λ will become apparent below.
Moreover, one has that
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ds2 = ηabλ
aλb + ds˜2 , ds˜2 = δije
iej , (242)
where η is a constant Lorentzian signature metric as the inner product of λa
is constant because they are parallel with respect to the metric connection ∇ˆ.
The condition ∇ˆλa = 0 implies that
dλa = ηabibH , Lag = 0 . (243)
Therefore the iaH components of H are determined in terms of dλ
a and λa
are Killing vector fields.
Suppose that φ is an additional ∇ˆ-parallel form, then the condition ∇ˆφ = 0
evaluated along the coframe (λa, ei) gives
∇aφj1...jk =
k
2
(−1)kHai[j1φj2...jk]i ,
∇ˆiφj1...jk =0 , (244)
where we have used that iaφ = 0.
To continue, first observe that TM = Ξ ⊕ T , where Ξ is spanned by the
parallel, and thus nowhere vanishing, vector fields λa, and T is the orthogonal
complement of Ξ with respect to the metric, where we again denote the 1-
forms λa and the associated vector fields with the same symbol. As in the null
case, we refer to T as the “transverse space”. As the structure group ofM has
reduced to K, Λ2(T ) decomposes as Λ2(T ) = Λ2k ⊕ Λ2k⊥, k is the Lie algebra
of K. The argument for this decomposition has already been presented in the
null case. Next observe that iaH|Λ2
k
is determined in terms of the geometry
as a consequence of the first equation in (244). However the first equation in
(243) also gives iaH|Λ2
k
in terms of dλa|Λ2
k
. As a result, consistency requires
that we have a restriction on the geometry which schematically can be written
as
(dλa)|Λ2
k
= ηab(∇bφ)|Λ2
k
. (245)
It remains to investigate the last condition in (244) (∇ˆφ)|T = 0. This condition
can be solved as that which arises for manifolds with aK-structure compatible
with a connection with skew-symmetric torsion and tangent space T . In all
cases, H˜ = H|T is entirely determined in terms of the geometry. We shall not
give further details here but we describe the final result separately for each
case.
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Using ∇ˆλa = ∇ˆφ = 0, one can also compute the Lie derivative of λa and φ
along λa to find
[λa, λb] =−Habcλc −Habiei
Laφi1i2...ik = k(−1)kHaj [i1φi2...ik]j ,
Laφbi1...ik−1 = (−1)kHajbφi1...ik−1j . (246)
To analyze these conditions observe that if the span of λa closes under Lie
brackets, i.e. symbolically [Ξ,Ξ] ⊆ Ξ, then Habi = 0. Also φ is invariant under
the action of the vector fields λa, i.e. Laφ = 0, provided that iaH|Λ2
k
vanishes
and [Ξ,Ξ] ⊆ Ξ. Moreover observe from (243) that if dH = 0, then LaH = 0.
In what follows, we shall assume that the algebra of vector field bilinears λa
closes. One reason for this is the results of [146] where it has been demonstrated
that the Killing superalgebras of supersymmetric backgrounds close on the
vector generators constructed as Killing spinor bilinears. Another reason is
that if the commutator of two such vector fields does not close, it is nevertheless
∇ˆ-parallel and so the holonomy of ∇ˆ reduces further yielding more parallel
spinors. So if we insist that the number of parallel spinors is fixed, we are
required to take Habi = 0
Let g be the Lie algebra of the Killing vector fields λa. The structure constants
of g are given by Habc and as this is skew-symmetric the metric η must be
bi-invariant. The Lorentzian Lie algebras g up to dimension 6 that are relevant
here have been tabulated in table 3. There are many ways to utilize the above
data to write the spacetime metric and H . The most economical way is to
assume that the infinitesimal action generated by the vector fields λa can
be integrated to a free action by a group G with Lie algebra g. Then the
spacetime is a principal bundle, M = P (G,B, π), equipped with a principal
bundle connection, λa. In this case, one finds
ds2= ηabλ
aλb + δije
iej ,
H =
1
3
ηabλ
a ∧ dλb + 2
3
ηabλ
a ∧ F b + H˜ , H˜ = H|T , (247)
where
Fa ..= 1
2
Haije
i ∧ ej = dλa − 1
2
Habcλ
b ∧ λc , (248)
is the curvature of the principal bundle. As LaH˜ = 0 and iaH˜ = 0, H˜ is the
pull back of a 3-form on the base space B. Therefore, H is the sum of the
Chern-Simons form of the principal bundle connection λ and the pull-back of
a 3-form on B which we again denote with H˜ . As a consequence,
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Stab(ǫ1, . . . , ǫL) 1− forms LieG
G2 3 R
1,2 , sl(2,R)
SU(3) 4 R1,3 , sl(2,R)⊕ R , su(2)⊕ R , cw4
SU(2) 6 R1,5 , sl(2,R)⊕ su(2) , cw6
Table 3
In the first column, the compact isotropy groups of spinors are stated. In the second
column, the number of 1-form bilinear is given. In the third column, the associated
Lorentzian Lie algebras are exhibited. The structure constants of the 6-dimensional
Lorentzian Lie algebras of the SU(2) case are self-dual.
dH = ηabFa ∧ F b + dH˜ . (249)
As dH = 0, the right-hand-side of the equation above must vanish. This
condition resembles the anomalous Bianchi identity of H in (200), where H is
replaced by H˜ , and the curvature of the spacetime R˜ and that of the gauge
connection F are replaced by the curvature of the principal fibration F .
7.4.2 Gaugino KSE
The gaugino Killing spinor equation implies that
F ∈ Λ2k ⊗ h , (250)
where h is the Lie algebra of the gauge group. This is an instanton like condi-
tion associated with the holonomy group K. As this depends on K, it will be
stated in each case separately.
7.4.3 Dilatino KSE
To simplify the description of the solutions of the dilatino KSE, let us assume
that all solutions of the gravitino and gaugino KSEs also solve dilatino one.
There are descendants for compact holonomy groups and these have been
investigated in detail in [136]. Under this assumption, the dilatino KSE implies
the universal conditions
iadΦ = 0 , 2∂iΦ− (θ˜φ)i = 0 , (251)
where θ˜φ is the Lee form of φ which will be given for each case separately.
Therefore the dilaton Φ is invariant under the action of vector field bilinears
and therefore a function of the base space B of the spacetime fibration. In
all cases that the Lee form of a φ satisfies (251), φ and also its Lee form θ˜φ,
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are pull-backs of a form and a Lee form on B, respectively. So the second
condition in (251) implies that B is “conformally balanced” with respect to
φ. There are additional conditions that are implied by the dilatino KSE but
they depend on the holonomy group K.
7.4.4 Field equations from KSEs
All the field equations of backgrounds with compact holonomy group are im-
plied by the KSEs after imposing the Bianchi identities of the theory. The
proof of this is similar to that described in section 7.3.9 for solutions with
non-compact holonomy group. The main difference is now that there is a
time-like ∇ˆ-parallel vector field bilinear while in the non-compact cases the
bilinear is null. Thus to find solutions, one has to impose dH = 0 and BF = 0,
where dH is given in (249).
7.4.5 G2, N = 2
The ∇ˆ-parallel forms are λa, a = 0, 1, 2 which span Ξ, and ϕ ∈ Λ3(T ), where
ϕ is the fundamental G2 form, see [115] for an expression of ϕ in the spinorial
geometry coframe. In addition to the conditions in (251), the dilatino KSE
implies that
F ∈ Λ2g2 ⊗ g , ǫabcHabc +Hijkϕijk = 0 , (252)
where g is the Lie algebra of λa vector fields. As a consequence of the first
condition above, ϕ is invariant under the action of λa, see (246). Using the
principal bundle language to describe the geometry of M and since iaϕ = 0 as
well, ϕ is the pull-back of a 3-form on base space B7 which again is denoted
with ϕ. The fibre is either R1,2 or SL(2,R) up to discrete identifications.
Moreover as a consequence of the last condition in (244), B7 has a G2 structure
compatible with a metric connection, ˆ˜∇, with skew-symmetric torsion. The
metric, torsion and G2 fundamental form on B
7 are given by ds˜2 in (242), H˜
and ϕ, respectively. This in particular this implies that
H˜ = −1
6
(d˜ϕ, ⋆7ϕ)ϕ+ ⋆7d˜ϕ− ⋆7(θ˜ϕ ∧ ϕ) ,
d˜ ⋆7 ϕ = θ˜ϕ ∧ ⋆7ϕ , (253)
where
θ˜ϕ = −1
3
⋆7 (⋆7d˜ϕ ∧ ϕ) , (254)
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is the Lee form of ϕ. The first condition is the expression of the torsion of B7,
and so of H˜, in terms of the geometry while the second condition is required
for a 7-dimensional manifold with a G2-structure to admit a compatible con-
nection with skew-symmetric torsion [147,148], see also [142,143]. The second
universal condition in (251) is 2dΦ−θ˜ϕ = 0 and so B7 is conformally balanced.
The expression for H˜ in (253) depends on whether G is abelian or not, see
table 3. As can be seen from (252), if G is abelian, then the first term in (253)
for H˜ will vanish. The requirement that (d˜ϕ, ⋆7ϕ) = 0 becomes a condition
on the geometry. On the other hand if G = SL(2,R), then the same term
becomes proportional to the volume form of SL(2,R).
The curvature of the fibration F is a G2 instanton,
Fij = 1
2
⋆7 ϕij
klFkl , (255)
with gauge group either R1,2 or SL(2,R). A similar condition is satisfied by
gauge field strength F as a consequence of the gaugino KSE (250).
7.4.6 SU(3), N = 4
The ∇ˆ-parallel forms are the 1-forms λa, a = 0, 1, 2, 3 which span Ξ, a Her-
mitian form ωI ∈ Λ2(T ) associated with an almost complex structure I and
(3,0)-form χ ∈ Λ3(T ). Both ωI and χ are the fundamental forms of SU(3)
and satisfy the normalization conditions 1
3!
∧3 ωI = −i 2−3 χ ∧ χ¯ = dvolT .
The dilatino KSE implies the additional conditions
1
3!
ǫabcdHbcd − 1
2
FaijωijI = 0 , FaklIkiI lj = Faij ,
N˜ (I) = 0 . (256)
From the second condition, Fa is a (2,0) and (2,0) form with respect to I.
In turn this gives that LaωI = 0. As iaωI = 0, the Hermitian form ωI is the
pull-back of a Hermitian form on the base space B6 which again we denote by
ωI ,. Furthermore the last condition in (256) implies that I is integrable. As a
result B6 is a Ka¨hler manifold with torsion and so
H˜ = −iI d˜ωI = ⋆6 d˜ωI − ⋆6(θ˜ωI ∧ ωI) . (257)
The last condition in (244) that arises from the gravitino KSE on M implies
an additional geometric condition as some components of H˜ can be expressed
in terms on both ωI and χ. This is
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θ˜ω = θ˜Reχ , (258)
where
θ˜ω = − ⋆6 (⋆6dωI ∧ ωI) , θ˜Reχ = −
1
2
⋆6 (⋆6dReχ ∧ Reχ) , (259)
are the Lee forms of ωI and χ on M , respectively.
To make further progress on the geometry of B6, suppose that G is abelian.
The first two conditions in (256) imply that F ∈ Λ2su(3) ⊗ g and χ is invari-
ant under the action of G as a consequence of (246). As iaχ = 0, χ is the
pull-back of a (3,0)-form on B6. The base space, B6, is a manifold with an
SU(3) structure compatible with a metric connection, ˆ˜∇. The metric, skew-
symmetric torsion H˜ , and fundamental forms are given by ds˜2 in (242), H˜
in (257), and ωI and χ, respectively. The condition (258) is that required
for hol(ˆ˜∇) ⊆ SU(3). The second universal condition in (251) implies that
2dΦ− θ˜ω = 0 and thus B6 is conformally balanced with respect to ωI .
Next suppose that G is non-abelian and therefore is either R × SU(2) or
SL(2,R)×U(1) up to discrete identifications, see table 3. It is clear from the
first condition in (256) that F ∈ Λ2
su(3)⊕R ⊗ g and so χ is not invariant under
the R and U(1) group actions, respectively. As a result, the canonical bundle
of B6 is twisted and therefore B6 does not have an SU(3) structure but rather
a U(3) one. Hence, B6 is a manifold with U(3) structure compatible with a
connection with skew-symmetric torsion ˆ˜∇, i.e. B6 is a Ka¨hler manifold with
torsion. The metric, torsion and fundamental form are given by ds˜2 in (242),
H˜ in (257) and ωI , respectively. Moreover B
6 is conformally balanced with
respect to ωI as a consequence of the universal conditions in (251).
The gaugino KSE implies that the curvature of the gauge connection F sat-
isfies F ∈ Λ2su(3) ⊗ h. So F as a 2-form in Λ2(T ) is (1,1) with respect to
the complex structure I and ωI-traceless, ω
ij
I Fij = 0. This is the standard
instanton condition on complex manifolds with an SU(3) structure.
7.4.7 SU(2), N = 8
The ∇ˆ-parallel forms are the 1-forms λa, a = 0, . . . , 5, which span Ξ and the
Hermitian forms ωr ∈ Λ2(T ), r = 1, 2, 3, associated to the (almost) complex
structures, Ir, on T such I3 = I1I2 and I1I2 = −I2I1.
In addition to the universal conditions (251), the dilatino KSE implies
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Ha1a2a3 +
1
3!
ǫa1a2a3
b1b2b3Hb1b2b3 = 0 ,
N (Ir) = 0 , Fa ∈ Λ2su(2) ⊗ g . (260)
As iaωr = 0, the last condition above implies that ωr are the pull-backs of
2-forms on the base space B4 which again we denote with ωr. The metric
ds˜2 is also the pull-back of a metric on B4. This together with ωr imply that
B4 admits three almost complex structures again denoted by Ir. These are
integrable as a consequence of the second condition in (260). In fact B4 has
an SU(2) structure compatible with a connection, ˆ˜∇, with skew-symmetric
torsion and thus B4 is an HKT manifold. The metric, torsion and fundamental
forms are ds˜2, H˜ and ωr, respectively. The last equation in (244) on ωr gives
H˜ = −iIr d˜ωr , no summation over r . (261)
The second universal condition in (251) implies that 2dΦ − θ˜ωr = 0, where
θ˜ωr is the Lee form of ωr. So B
4 is a conformally balanced HKT manifold. All
conformally balanced 4-dimensional HKT manifolds are conformal to hyper-
Ka¨hler ones. So all the above conditions on B4 can be solved to find that
ds˜2 = e2Φ ds˜2hk , H˜ = − ⋆hk d˜e2Φ , (262)
where ds˜2hk is a hyper-Ka¨hler metric on B
4.
The first condition in (260) implies that the structure constants of the Lie alge-
bra of 1-form bilinears are anti-self-dual. These are given in table 3. Therefore
up to discrete identifications the fibre Lie groups are
R
5,1 , SL(2,R)× SU(2) , CW6 , (263)
where the radii of SL(2,R) and SU(2) are equal and the structure constants
β of CW6 obey a self-duality condition, see appendix C.2.
The last condition in (260) implies that the curvature of the principal bundle
connection λa is an anti-self-dual instanton on B4 with gauge group one of
those in (263). The gaugino KSE also implies that F ∈ Λ2(T )⊗ h is an anti-
self-dual instanton as well. This completes the description of geometry for
these backgrounds
7.5 Including α′ corrections
Before we proceed to investigate some of the solutions of the theory, let us make
some remarks regarding the geometry of solutions after taking into account
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the α′ corrections up to and including two loops in sigma model perturbation
theory.
To begin suppose that the Bianchi identity of H is modified by the anomaly as
in (200), and the field equations and KSEs are appropriately modified as (203)
and (201), respectively. First let us clarify the role of the spacetime curvature
R˜ which enters in the expression for the anomaly and the field equations. It
turns out that R˜ must satisfy the gaugino KSE in order for the anomalous
Bianchi identity of H and the KSEs to be compatible with the field equations.
To see this, in the presence of anomalous contributions to the Bianchi identity
of H and the two loop corrections to the field equations, one can show using
RˆA[B,CD] = −1
3
∇ˆAHBCD − 1
6
dHABCD , (264)
that (212) is modified as
RˆAB,CDΓ
BΓCDǫ =
1
36
∇ˆA
(
ΓB∂AΦ− 1
12
HBCDΓ
BCD
)
ǫ
− α
′
4
(
R˜AB,EF R˜CD,
EF − FABabFCDab
)
ΓBΓCDǫ+O(α′2) . (265)
If all the KSEs (201) are satisfied, and thus ǫ is a Killing spinor, then all the
terms will vanish apart from that containing R˜. This is a restriction of the
choice of R˜. A solution is to choose the spacetime connection R˜ to satisfy the
same condition as that of the gaugino KSE on F .
In sigma model perturbation theory that will be described below, one can
choose to this order R˜ = Rˇ, where Rˇ is the curvature of the connection with
torsion −H evaluated at zeroth order in α′. This is because
RˇAB,CD − RˆCD,AB = 1
2
dHABCD (266)
and dH = 0 at zeroth order in α′. Then Rˇ satisfies the gaugino KSE pro-
vided that all spinors that satisfy the gaugino KSE are ∇ˆ-parallel so that the
holonomy of ∇ˆ is contained in their isotropy group.
There are two points of view on how one should proceed from here. In the
sigma model perturbation approach, one begins at zeroth order in α′ with
H closed, dH(0) = 0. Then this gets corrected order by order in perturbation
theory as has been indicated. From this point of view, the anomaly correction is
viewed as a first order correction and so on. In such a case, the geometry of the
supersymmetric heterotic backgrounds at zeroth order is that we have already
described in the previous sections. This of course will be corrected order by
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order in perturbation theory but as all such corrections are not known, it is not
clear what the final outcome will be. However we do know that it is corrected
to all orders in α′ [149, 150].
An alternative point of view is to consider the anomalous Bianchi identity, the
KSEs and field equations as exact at the order indicated in (201) and (203),
respectively. The KSEs of the theory for dH 6= 0 have been solved in [126] and
the geometry of the backgrounds has been identified. However the description
of the descendants is rather more involved. Examples of Ka¨hler and hyper-
Ka¨hler geometries with torsion for which dH 6= 0 have been first considered in
[151]. An existence theorem for solutions of the differential system given by the
anomalous Bianchi identity (200) and the KSEs (201) on Hermitian manifolds
with hol(∇ˆ) ⊆ SU and R˜ the Chern connection has been demonstrated [152].
Solutions of this system on manifolds with other geometric structures have
also been given in [153]
The addition of higher curvature corrections up to and including the two loop
order in sigma model perturbation theory does not alter the relation between
the KSEs (201) and field equations (203) we have established for backgrounds
with dH = 0 in sections 7.3.9 and 7.4.4. In particular if R˜ is chosen to satisfy
the gaugino KSE, then for compact holonomy groups the KSEs imply all the
field equations provided that the (anomalous) Bianchi identities are satisfied.
For non-compact holonomy groups, the field equations given in (236) must also
be satisfied. This follows from an investigation of the integrability conditions
of the KSEs in (205) and after taking into account the anomalous Bianchi
identity of H and the two loop correction to the field equations.
7.6 A brief overview of solutions
All supersymmetric solutions of the heterotic theory that have been found can
be organized according to the classification of the solutions to the KSEs we
have presented. The purpose here is not to describe all solutions but rather to
explain in which class some of the most well known solutions belong.
7.6.1 WZW models
Apart from the Minkowski vacuum, group manifold solutions to heterotic the-
ory belong to descendants of backgrounds for which hol(∇ˆ) = {1}. As we have
not describe the geometry of descendants, we shall give a brief description of
the descendants of K = {1}. The backgrounds are group manifolds which are
parallelizable with a connection with skew-symmetric torsion. Therefore they
admit 16 parallel spinors. If all parallel spinors also solve the gaugino KSE,
then F = 0.
88
It remains to solve the dilatino KSE. For this there are two cases to consider
depending on whether or not the 1-form dΦ is null. Suppose that dΦ is not
null and |dΦ|2 6= 0. In this case, one can show that the dilatino Killing spinor
equation [154], [155] implies that
Π =
1
2
+
∂MΦHNPQΓ
MNPQ
24|dΦ|2 , (267)
is a projector, Π2 = Π. Since trΠ = 8, backgrounds with dH = Rˆ = 0 and
|dΦ| 6= 0 preserve half of the supersymmetry. Moreover one can also show
that dΦ is ∇-parallel, spacelike and idΦH = 0, see e.g. [115, 154]. Thus the
spacetime up to discrete identifications is a product M = N × R, where R is
spanned by dΦ. Using this and the classification of Lorentzian Lie groups up
to dimension 9, one finds that up to local isometries the spacetime is one of
the following groups
SL(2,R)× SU(2)× SU(2)× R , SL(2,R)× SU(2)× R4 ,
R
1,1 × SU(3) , R3,1 × SU(2)× SU(2) ,
R
6,1 × SU(2) , CW4 × SU(2)× R3 , CW6 × SU(2)× R , (268)
where CWn are the Cahen-Wallach group manifolds described in appendix
C.2. Moreover H is determined from the structure constants of the group
manifolds and all these are linear dilaton backgrounds.
On the other hand if (dΦ)2 = 0, i.e. either dΦ is null or dΦ = 0, then H is
null. The condition idΦH = 0, implies that these backgrounds preserve at least
eight supersymmetries. Such solutions are locally isometric to CWn × R10−n
for n = 2, 4, 6. The dilaton is linear if dΦ 6= 0 otherwise it is constant, and
H is determined by the structure constants of CW spaces. The group mani-
folds CW10 are also solutions and for generic structure constants β ∈ Λ2(R8)
preserve 8 supersymmetries. Moreover for some special choice of β, these man-
ifolds exhibit supersymmetry enhancement to 10, 12 and 14 supersymmetries.
7.6.2 N = 8 solutions with SU(2) and R8 holonomy
The half-supersymmetric solutions of heterotic theory including α′ corrections
have been investigated in [145]. Here we shall take dH = 0 and first consider
the SU(2) holonomy backgrounds. From the results in section 7.4.7 the space-
time metric and H can be written as
ds2= ηabλ
aλb + e2Φ ds2hk ,
H =
1
3
ηabλ
a ∧ dλb + 2
3
ηabλ
a ∧ F b − ⋆hkd˜e2Φ , (269)
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where ds2hk is a d = 4 hyper-Ka¨hler metric and λ is an anti-self-dual principal
bundle connection with gauge group R5,1, SL(2,R) × SU(2) or CW6 with
self-dual structure constants.
To find explicit examples, one has to specify a d = 4 hyper-Ka¨hler manifold,
an anti-self dual instanton connection over it and to determine the dilaton.
The latter is found by exploring the Bianchi identity (200) of H , i.e. dH = 0.
This gives
−∇2hke2Φ −
1
2
ηab Faij F bij = 0 . (270)
There are many solutions that can be constructed using the above data. These
include the 5-brane solution of [156] which is given by setting B4 = R4 with
the Euclidean metric and G = R5,1. In such a case, one has
ds2 = ds2(R5,1) + e2Φds2(R4) , H = − ⋆ dh ,
e2Φ = 1 +
Q
|x|2 , (271)
where Q is related to the charge of the brane. More general classes of solu-
tions have been constructed in [145]. The SU(2) holonomy class of solutions
also includes the Kaluza-Klein monopole for which B4 is equipped with the
Gibbons-Hawking metric, the dilaton is constant and H = 0.
Next consider the holonomy the R8 solutions. In this case, there is a choice of
coordinates (u, v, xi) such that
ds2 = 2e−e+ + ds2(R8) , H = d(e− ∧ e+) ,
e− = h−1dv , e+ = du+ V dv + nidxi . (272)
All components of the metric, Φ and H depend on v and x, and X = ∂u is
the null parallel vector field.
The solutions of the Killing spinor equations are determined up to the func-
tions h and V , and the 1-form n. These in turn can be found by solving
the field equations (236). In addition if one assumes that h, V and n are v
independent, then the field equations imply that
∂2i h = ∂
2
i V = 0 , ∂
idnij = 0 , (273)
and e2Φ = h−1. So h and V are harmonic functions of R8 and dn satisfies
the Maxwell equations on R8. The solution is a superposition of fundamental
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strings [157], pp-waves and null rotations. The NS5-brane solution, the fun-
damental string, the pp-wave and the Kaluza-Klein monopole are considered
the elementary branes of heterotic theory. In perturbation theory, the string
solution is considered as the back-reaction of the elementary string of theory
while the 5-brane is its magnetic dual and it is solitonic.
7.6.3 Compactification vacua
Minkowski space compactification vacua are warped product solutions Rn−1,1×w
Nd−n with fields which are invariant under the Poincare´ symmetry of Rn−1,1
and N10−n restricted to be a compact manifold without boundary. In super-
gravity theories, it is known that there are no such smooth solutions, n > 2,
with non-vanishing fluxes [158, 159], see also section 12.5. In heterotic theory
this non-existence theorem applies to the zeroth order in α′ sector of the the-
ory. To see this suppose that the warp factor is constant and that H does not
have a non-vanishing component along Rn−1,1. In such a case, the theorem
follows from the dilaton field equation in (203) upon an application of the
Hopf maximum principle. Indeed as N10−n is compact without boundary, Φ
has an absolute maximum and an absolute minimum which are critical points
and so its hessian is negative or positive definite, respectively. However the H2
term in the dilaton field equation without the two-loop contribution is posi-
tive definite which is a contradiction unless H = 0 and Φ is constant. Thus
no smooth solutions exist with non-trivial fluxes.
The same conclusion holds whenever H has also non-vanishing components
along Rn−1,1 and there is a non-trivial warp factor. The theorem again follows
upon application of the Hopf maximum principle on both the warp factor
and the dilaton field equations. Again as can be seen from the dilaton field
equation in (203) higher order corrections can modify this conclusion as the
terms proportional to α′ may not have a definite sign, see also [138, 160].
Suppose that H = 0, the dilaton constant and let N10−n be a compact man-
ifold without boundary. In such case, N10−n up to discrete identifications is
a product of the appropriate dimension of the Berger type of manifolds N8
with holonomy Spin(7), N7 with holonomy G2, Calabi-Yau CY8 and CY6 with
holonomy SU(4) and SU(3), respectively, K3 with holonomy SU(2) and tori
T k with holonomy {1}.
Amongst these, the compactifications on N8 with holonomy Spin(7), SU(4)
and SU(2)×SU(2) to two dimensions belong to the class of heterotic solutions
for which the holonomy of the connection with torsion, hol(∇ˆ), is in one of
the non-compact groups Spin(7)⋉R8, SU(4)⋉R8 and (SU(2)×SU(2))⋉R8,
respectively, see table 1. The two dimensional theories have chiral supersym-
metry. The compactification on G2 manifolds to three dimensions belongs
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to the heterotic solutions for which hol(∇ˆ) = G2 and has been investigated
in [161,162]. Similarly the compactification of heterotic theory on CY6 belongs
to the holonomy hol(∇ˆ) = SU(3) class of solutions of the heterotic theory.
This leads to an N = 1 theory in four dimensions and as a result it has been
extensively investigated from the phenomenological point of view [163]. It is
also instrumental in the understanding of mirror symmetry, see e.g. [164–166].
The K3 and T
k compactifications belong to the holonomy hol(∇ˆ) = SU(2)
and hol(∇ˆ) = {1} solutions of the heterotic theory, respectively, and they have
found applications in the understanding of string dualities.
7.6.4 Non-existence theorem for Euclidean signature solutions
The KSEs (201) and field equations (203) of heterotic supergravity can also
be considered on Euclidean signature manifolds in all dimensions. Of course
the representation of the supersymmetry parameter ǫ changes with dimension.
The parallel spinors have always compact isotropy groups and therefore may
not admit non-vanishing 1-form bilinears. Nevertheless some of the results we
have described carry over to the Euclidean case. In particular, the relation
between the KSEs and field equations remains unchanged. A consequence of
this is that the KSEs imply the field equations provided the (anomalous)
Bianchi identity (200) of H is still valid.
As the KSEs imply the field equations, and in the absence of α′ corrections,
one concludes that H = 0 and Φ = const. This follows from an application of
the Hopf maximum principle on Φ and the dilaton field equation. Therefore
at zeroth order in α′, there are no smooth Euclidean signature solutions which
solve the KSEs of heterotic theory with non-trivial fluxes. For holonomy SU(n)
solutions this had already been shown by the authors of [138,160] using a com-
plex geometry argument. In particular they demonstrated the non-existence
of a certain holomorphic section in the canonical bundle for such manifolds
and also extended the result under some conditions to include α′ corrections.
Therefore the existence of smooth Euclidean signature compact solutions re-
quires that α′ corrections are included and in particular dH 6= 0.
7.6.5 Brane superpositions, black holes and AdS/CFT
Another class of solutions which has widespread applications is that of super-
positions of the fundamental branes of heterotic string theory. Such a solution
is the fundamental string within a 5-brane with a pp-wave propagating along
the string. The solution depends on 3-harmonic functions on the hyper-Ka¨hler
manifold B4, h1, h5 and hw, which are related to the string, 5-brane and pp-
wave solitons, respectively, and reads
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ds2=h−11
(
2dv(du− 1
2
(hw − 1)dv)
)
+ ds2(R4) + h5ds
2
hk(B
4) ,
H = dv ∧ du ∧ dh1 − ⋆hkdh5 , e2Φ = h−11 h5 . (274)
Setting B4 = R4, the solution can be written down explicitly [167] and gives
upon reduction a black hole solution in 5-dimensions. This has been extensively
investigated in [168] as the entropy of this black hole can be computed using
a microscopic argument in IIB string theory as in [169].
Another widely investigated solution for microscopic entropy computations is
that for which B4 is the Gibbons-Hawking manifold and h1, h5 and hw are
invariant under the tri-holomorphic isometry of B4. This solution gives rise to
a 4-dimensional black hole. For more recent investigations of this system that
include higher order corrections see [170]. All these solutions are examples of
N = 4 backgrounds with hol(∇ˆ) ⊆ (SU(2) × SU(2)) ⋉ R8, see also [171] for
more examples of solutions for which hol(∇ˆ) is a non-trivial group.
Amongst the heterotic solutions are also backgrounds which have been consid-
ered as gravitational duals of gauge theories in the context of the AdS/CFT
correspondence. One such solution is that of [172] which has been proposed as
the gravitational dual of minimal N = 1, d = 4 supersymmetric gauge theory
in [173]. This is a solution of heterotic supergravity which preserves N = 4 su-
persymmetries. It is an example of a heterotic solution with hol(∇ˆ) ⊆ SU(3),
G = R3,1 and dH = 0. This has been shown in [139], where the ∇ˆ-parallel
forms are also explicitly given. It evades the non-existence theorem of [138]
explained above because it is not compact.
8 Geometry of d = 11 supergravity backgrounds
The d = 11 supergravity [174] has been proposed as the effective theory of M-
theory [1] which in turn arises as a strong coupling limit of IIA strings [106].
The supersymmetric solutions of d = 11 supergravity include the M2- and
M5-branes [175,176], which are thought of as the “elementary” solitons of M-
theory, and their superpositions and intersections [177–179]. These have ex-
tensively been used to give evidence in favour of the existence of M-theory and
of string dualities. More recently they have found a key role in the AdS/CFT
correspondence. There are some extensive reviews on the supersymmetric so-
lutions of d = 11 supergravity theory, see e.g. [6,180]. Here we shall be mostly
concerned with the systematics of solving the KSE of d = 11 supergravity.
Later we shall explore some applications in the theory of compactifications
and the AdS/CFT correspondence. The bosonic fields of the theory are a
metric and a 4-form field strength F , dF = 0. The action, KSE and a sum-
mary of other properties of the theory that are used in this review can be
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found in appendix E.1.
8.1 Spinors and the KSE
The theory has a single fermionic field, a gravitino, whose supersymmetry
variation gives the KSE
DMǫ = 0 , (275)
where
DM ..= ∇M − 1
288
(
ΓM
A1A2A3A4FA1A2A3A4 − 8FMA1A2A3ΓA1A2A3
)
, (276)
is the supercovariant derivative, ∇ is the Levi-Civita connection of the space-
time and the supersymmetry parameter, ǫ, is in the 32-dimensional Majorana
representation, ∆32, of Spin(10, 1).
In anticipation of using the spinorial geometry method to solve (275), let
us first realize ∆32 in terms of forms. First, one can begin with the Dirac
representation of Spin(10). This is identified with Λ∗(C5) as has already been
described in appendix B. This extends to a real presentation of Pin(10) and so
to a real representation of Spin(10, 1). In particular, the gamma matrix along
the time direction is Γ0 ..= Γ1 . . .Γ♮, where Γ♮ ..= Γ10. The reality condition
is imposed using the anti-linear map rB = Γ0 b∗. Therefore a basis in ∆32 is
given by the forms
ea1···ak + (−1)[k/2] ⋆ ea1···ak , iea1···ak − i(−1)[k/2] ⋆ ea1···ak , (277)
where a1 < · · · < ak, a1, a2, . . . , a5 = 1, . . . , 5, k = 0, 1, 2, and star is the Hodge
duality operation in Λ∗(C5).
Alternatively, one can begin with the Dirac representation of Spin(9, 1) de-
scribed in appendix B and then construct ∆32 by setting the gamma matrix
along the 10-th direction to Γ♮ = −Γ0123456789. Moreover, the reality condition
is imposed using the anti-linear map rB = −Γ0b∗. Therefore a basis in ∆32
can be chosen as
ea1···ak + (−1)[k/2]+k ⋆ ea1···ak , iea1···ak − i(−1)[k/2]+k ⋆ ea1···ak ,
ea1···ak5 + (−1)[k/2]+k ⋆ ea1···ak5 , iea1···ak5 − i(−1)[k/2]+k ⋆ ea1···ak5 , (278)
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where a1 < · · · < ak, but now a1, . . . , a4 = 1, 2, 3, 4, k = 0, 1, 2, and star is the
Hodge duality operation in Λ∗(C4).
There are two types of orbits of Spin(10, 1) on ∆32. One has isotropy group
SU(5) and the other has isotropy group Spin(7)⋉ R9 = (Spin(7)⋉ R8)× R,
[181,182]. The former is an orbit of co-dimension 1. Representatives of the two
orbits can be chosen as
1 + e12345 and 1 + e1234 , (279)
written in the bases (277) and (278), respectively.
8.2 N = 1 SU(5) backgrounds
There are two types of N = 1 supersymmetric d = 11 supergravity back-
grounds depending on whether the Killing spinor has isotropy group SU(5)
or Spin(7) ⋉ R9 in Spin(10, 1). The KSE has been solved using the bilinears
method in [183,184]. Here we shall present details of the solution of the KSE for
the SU(5) invariant Killing spinor in the spinorial geometry method [9,185] as
the proof is shorter than when employing the bilinears method and moreover
it can be adapted to classify the solutions that preserve a near maximal num-
ber of supersymmetries. We shall also outline the geometry of backgrounds
admitting a Spin(7)⋉ R9 invariant Killing spinor.
8.2.1 The solution of the linear system
We begin by choosing the Killing spinor as
ǫ = f(1 + e12345) , (280)
where f is a (local) spacetime function. This function appears because the
orbits with isotopy group SU(5) are of co-dimension 1 in ∆32 and they are not
isolated. Adapting on the spacetime the spinorial geometry coframe {e0, ei :
i = 1, . . . , ♮} = {e0, eα, eα¯ : α = 1, . . . , 5}, we decompose the metric and fluxes
as
ds2 = −(e0)2 + δijeiej ,
F =
1
3!
Gijk e
0 ∧ ei ∧ ej ∧ ek + 1
4!
F˜ijkl e
i ∧ ej ∧ ek ∧ el . (281)
Note that ds2 = −(e0)2+2δαβ¯eαeβ¯ and the fluxes G and F˜ can be decomposed
in a similar way. Substituting (280) into the Killing spinor equation (275), one
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derives a linear system which reads
∂0 log f +
1
2
Ω0,αβ¯g
αβ¯ − i
24
F˜α
α
β
β = 0 ,
iΩ0,0α¯ +
1
3
Gα¯β
β +
i
72
F˜β1β2β3β4χ
β1β2β3β4
α¯ = 0 ,
Ω0,α¯β¯ −
i
6
F˜α¯β¯γ
γ − 1
18
Gγ1γ2γ3χ
γ1γ2γ3
α¯β¯ = 0 , (282)
and
∂α¯ log f +
1
2
Ωα¯,βγ¯g
βγ¯ +
i
12
Gα¯γ
γ − 1
72
χα¯
β1β2β3β4F˜β1β2β3β4 = 0 ,
∂α¯ log f − 1
2
Ωα¯,βγ¯g
βγ¯ +
i
4
Gα¯γ
γ = 0 ,
iΩα¯,0β¯ +
1
6
F˜α¯β¯γ
γ − i
18
χα¯β¯
γ1γ2γ3Gγ1γ2γ3 = 0 ,
iΩα¯,0β +
1
12
gα¯βF˜γ
γ
δ
δ +
1
2
F˜α¯βγ
γ = 0 ,
Ωα¯,β¯γ¯ +
i
6
Gα¯β¯γ¯ −
1
12
χα¯β¯γ¯
γ1γ2F˜γ1γ2δ
δ − 1
12
F˜α¯γ1γ2γ3χ
γ1γ2γ3
β¯γ¯ = 0 ,
Ωα¯,βγ − i
2
Gα¯βγ − i
3
gα¯[βGγ]δ
δ − 1
36
F˜α¯γ¯1γ¯2γ¯3χ
γ¯1γ¯2γ¯3
βγ = 0 . (283)
where χα1α2α3α4α5 =
√
2 ǫα1α2α3α4α5 ,
The solution of the linear system above expresses some of the fluxes in terms
of geometry as
F˜β1...β4 =
1
2
(−Ω0,0α¯ + 2Ωα¯,ββ)χα¯β1...β4 , Gα¯ββ = −2iΩα¯,ββ − 2iΩ0,0α¯ ,
F˜α
α
β
β =12iΩα¯,0βg
α¯β , F˜βα¯γ
γ = 2iΩα¯,0β + 2igα¯βΩγ¯,0δg
γ¯δ ,
Gα¯βγ =−2iΩα¯,βγ + 2igα¯[βΩ0,0γ] , Gα¯1α¯2α¯3 = 6iΩ[α¯1,α¯2α¯3]
F˜α¯β1β2β3 =
1
2
[Ωα¯,γ¯1γ¯2χ
γ¯1γ¯2
β1β2β3 + 3Ωγ¯1,γ¯2γ¯3χ
γ¯1γ¯2γ¯3
[β1β2gβ3]α¯
+ 12iΩ[β1,0β2gβ3]α¯] . (284)
In addition, one finds the conditions on the geometry
∂0 log f = 0 , Ωα¯,0β + Ωβ,0α¯ = 0 , 2∂α¯ log f + Ω0,0α¯ = 0 ,
Ω0,α¯β¯ = Ωα¯,0β¯ , Ω0,βα¯g
βα¯ + Ωα¯,0,βg
α¯β = 0 ,
Ωα¯,βγg
α¯β − Ωγ,ββ − Ω0,0γ = 0 . (285)
It is clear by construction that both the linear system and its solution are
expressed in terms of the representations of the isotropy group SU(5) of the
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Killing spinor. Furthermore, observe that not all components of the fluxes are
expressed in terms of the geometry. In particular the Hermitian-traceless com-
ponent of F˜αβ¯γδ¯ is not determined in terms of geometry. This signals that the
implementation of field equations and Bianchi identities will not be straight-
forward for solutions of the KSE with few supersymmetries.
8.2.2 Geometry
The spacetime admits a 1-form, a 2-form and a 5-form bilinear of the Killing
spinor ǫ = f(1 + e12345). These can be easily computed to find
X = f 2e0 , ω = −f 2 (e1 ∧ e6 + · · ·+ e5 ∧ e♮) ,
τ = f 2 Im[(e1 + ie6) ∧ . . . ∧ (e5 + ie♮)] + 1
2
f 2 e0 ∧ ω ∧ ω . (286)
We shall use these to interpret the conditions we have found on the geometry
of spacetime in (285).
First it is straightforward to verify that the first three conditions together with
the symmetric part of the fourth condition in (285) imply that X is a Killing
vector field. Moreover upon using the Bianchi identity of F , one can also show
that LXF = 0 and therefore all the fields are invariant under the action of X .
Furthermore, if one also uses in addition the antisymmetric part of the fourth
condition and the fifth condition in (285), one can establish that ǫ is invariant
under the action on X . Thus we have shown that
LXg = LXF = 0 , LXǫ = 0 , (287)
where LX in the last condition above is the spinorial Lie derivative defined in
(38). The last condition in (285) can be expressed as
W5 + 2df = 0 , (288)
where (W5)i =
1
40
χj1...j5∇[iχj1...j5].
As has already been mentioned, the geometric conditions in (287) are universal
and hold for the N = 1 backgrounds of all supergravity theories. The last
condition is required for the Killing superalgebras to close, see section 8.6.
To locally describe the geometry of spacetime, notice that a consequence of
the invariance of ǫ under the action ofX is that all form bilinears of the Killing
spinor are also invariant. So we have
LXω = LXτ = 0 . (289)
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The spacetime can locally be described as a fibration whose fibres have a
tangent space spanned by X where the base space B is a 10-dimensional
space with an SU(5) structure that satisfies (288). This follows because both
ω and τ are invariant under X and that iXω = iXτ = 0. Therefore both ω and
τ “descend” as fundamental SU(5) forms on the base space B. If one adapts
a local coordinate t along X , X = ∂t, then e
0 = f 2(dt+ wie
i).
The conditions relating the fluxes to the geometry, (284), can also be expressed
in a real basis in terms of covariant and/or exterior derivatives of form bilinears
(286). However, the final expressions are rather involved, see [9], and we shall
not describe them here.
8.3 Geometry of Spin(7)⋉ R9 backgrounds
To describe the geometry of d = 11 backgrounds admitting a Killing spinor
which has isotropy group Spin(7) ⋉ R9 in Spin(10, 1), one can choose ǫ =
1+e1234, where the spinor is written in the basis (278). The spacetime geometry
is best described in a coframe with respect to which the metric can be written
ds2 = 2e−e+ + (e9)2 + δijeiej , (290)
for i, j = 1, . . . , 8. Note that this coframe is different from that used in [184]
to give the solution of the KSE. This coframe is determined up to (Spin(7)⋉
R
8)× R gauge transformations which transform the coframe as that in (189).
For this class of solutions, the form bilinears are
X = e−, τ = e− ∧ φ , (291)
where
φ =
1
4!
φijkℓ e
i ∧ ej ∧ ek ∧ eℓ , (292)
is the fundamental Spin(7) self-dual 4-form of Spin(7).
In either the bilinears or spinorial geometry methods for solving the KSE, the
solution yields the following conditions on the spacetime geometry
Ω(M,N)+ = 0 , Ω
7
[i,j]+ = 0 , Ωi,9+ = 0 , Ω+,9i = 0 , Ω
7
+,ij = 0 ,(293)
and
Ω−,+9 = −1
4
Ωi,i9 , Ω
7
9,ij = −Ω7[i,j]9 , (294)
and
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Ω9,9i − 6Ωi,+−=−φij1j2j3Ωj1,j2j3 − 2Ωj ,ji , (295)
where we have used the decomposition, Λ2(R8) = Λ27 ⊕ Λ221, of the space
of 2-forms in R8, Λ2(R8), in irreducible Spin(7) representations. Note that
Λ221 = spin(7). As the Killing spinor is (Spin(7)⋉R
8)×R invariant, it satisfies
Γ−ǫ = 0 and ωijΓijǫ = 0 for all ω ∈ Λ221.
As in the previous cases that the spacetime admits a null 1-form blinear, we
define the space transverse to the lightcone T . T is further decomposed as
T = L ⊕ Z, where L is spanned by e9 and Z is associated to the spinor
representation of Spin(7). The conditions (293) can be rewritten as
LXg = 0 , LXǫ = 0 , iV (X ∧ dX) ∈ Λ221 , (296)
where Λ221 now denotes the space of sections of the vector bundle associated
with the 21 representation of Spin(7) and V is the vector field dual to the
1-form e+. Similarly, (294) is equivalent to
iV (LW τ) ∈ Λ435 , (297)
where W is the vector field dual to the 1-form e9 and we have used the
decomposition Λ4(R8) = Λ435⊕Λ41⊕Λ47⊕Λ427 in irreducible representations of
Spin(7). Note that Λ435 is the space of the anti-self-dual 4-forms. The remaining
condition (295) can be rewritten in terms of the Lee form of the Spin(7) 4-form
φ as
Ω9,9i − 6Ωi,+− = −3θ˜i , (298)
where θ˜ = −1
6
⋆
8
(
(⋆
8
d˜φ) ∧ φ
)
, ⋆
8
denotes the Hodge dual operation in Z and
d˜ denotes the restriction of the exterior derivative Z.
8.4 Geometry of IIA and IIB N = 1 backgrounds
The investigation of the geometry of N = 1 backgrounds in type IIB and
IIA d = 10 supergravities has been carried out in [186–188] and [189–191],
respectively, where the explicit solution to the KSEs can be found. Here we
shall give a very brief description of the results.
Beginning with IIB supergravity, the gauge group of the theory in the for-
mulation of [192, 193] is Spin(9, 1) · U(1). The U(1) arises because the super-
symmetry parameter ǫ, which is in the Weyl representation of Spin(9, 1), is
additionally twisted with the pull-back of the canonical bundle of the upper-
half plane. This is the scalar manifold of the axion and the dilaton, i.e. the
two IIB scalars. More detailed description of the couplings of IIB supergravity
will be given in appendix E.2. An investigation reveals that there are three
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types of orbits of Spin(9, 1) in the space of Weyl spinors with isotropy group
either Spin(7)⋉ R8, or SU(4)⋉ R8, or G2.
As in the more detailed analysis we have presented in section 8.2.2 for d = 11
supergravity, the conditions on the geometry of the IIB N = 1 backgrounds
imposed by the KSEs include the existence of a Killing vector field X which
is constructed as a bilinear of the Killing spinor ǫ. In addition, X leaves the
other fields invariant as well as the Killing spinor ǫ. One difference is that
the spinorial Lie derivative in IIB is defined as in (38) with ∇ given in (E.2),
i.e. it involves an additional connection term −(i/2)Q associated with the
U(1) twist of ǫ. X is timelike or null depending on whether the isotropy group
is compact or non-compact, respectively. These are the universal conditions
expected from the IIB KSEs. In all cases there are additional conditions on
the spacetime which depend on the type of orbit to which the Killing spinor
ǫ belongs, for details see the references above.
In (massive) IIA supergravity [194–197] the supersymmetry parameter is in the
Majorana representation of Spin(9, 1). One can show that there are four types
of orbits of Spin(9, 1) in the space of Majorana spinors with isotropy groups
either Spin(7), Spin(7)⋉ R8, SU(4) or G2 ⋉ R
8. The solution of the KSEs of
IIA supergravity for one Killing spinor gives restrictions on the geometry of
the spacetime. These again include the universal conditions. Therefore there
is a Killing vector X constructed as a bilinear of the Killing spinor ǫ which
leaves all the fields invariant as well as ǫ, where the spinorial Lie derivative is
given as in (38). There are additional conditions on the geometry of spacetime
which depend on the type of orbit to which ǫ belongs and can be found in the
original papers mentioned above.
8.5 Global properties of the solutions
The description of the geometry of d = 11 and d = 10 type II supergravity
backgrounds with N = 1 supersymmetry we have given is local. It depends on
the assumption that at some open set of the spacetime the supercovariant con-
nections preserve the type of orbit to which the Killing spinor belongs under
parallel transport. This is not automatically the case as the holonomy of the
supercovariant connections for generic backgrounds is in SL(32,R), see also
section 2.2. Therefore, under parallel transport the spinors are transformed
with SL(32,R) transformations which do not necessarily preserve their orbit
type. The properties of form bilinears also change under such parallel trans-
port. For N = 1 backgrounds in d = 11 supergravity an indication that a
Killing spinor with isotropy group SU(5) has changed under parallel trans-
port to another one with isotropy group Spin(7)⋉R9 is that the Killing vector
bilinear X changes from timelike to null at some region of spacetime. Such
100
phenomenon is widespread in gravitational backgrounds and signals the exis-
tence of Killing horizons.
A priori the spinorial geometry method can be adapted to solve this problem.
For example one can choose Killing spinor representatives which include all
orbit types. However in such a case, the resulting linear system will be rather
involved.
A related issue is the restriction of the G-structure of the spacetime as a
consequence of the existence of a Killing spinor. As a Killing spinor is a no-
where vanishing section of an appropriate spin bundle, one expects that the
G-structure of the spacetime may reduce to a subgroup of the isotropy group of
the Killing spinor. However in d = 11 and d = 10 type II theories the relevant
spin bundle has a rank much larger than the dimension of the spacetime. As a
consequence it always admits no-where vanishing sections. So a priori the exis-
tence of a no-where vanishing section does not necessarily imply the reduction
of the spacetime G-structure. However, if one insists that the orbit type of a
Killing spinor is preserved under parallel transport everywhere on the space-
time, then the structure group reduces to a subgroup of the isotropy group
of the Killing spinor. These observations clarify the use of the G-structure
language to describe the geometry of supersymmetric backgrounds in d = 11,
d = 10 type II and other supergravities.
8.6 Killing superalgebras
The Killing spinors and associated Killing vector bilinears on a supersymmet-
ric background can be endowed with a superalgebra structure. Superalgebras
are Z2-graded associative algebras with a compatible bracket structure which
satisfies the super-Jacobi identities, see e.g. [198]. In particular, superalgebras
decompose as g = g0+ g1, where g0 and g1 are the even and odd subspaces of
the superalgebra with grading 0 and 1, respectively. Given elements α, β ∈ g
with grading |α| and |β|, the bracket is defined as
[α, β]g ..= αβ − (−1)|α||β|βα . (299)
This satisfies the super-Jacobi identities
[[α, β]g, γ]g + (−1)|γ|(|α|+|β|)[[γ, α]g, β]g + (−1)|α|(|β|+|γ|)[[β, γ]g, α]g = 0 .
(300)
Note that the bracket [·, ·]g between two odd elements of the superalgebra is an
anticommutator which we denote with {·, ·} while all the rest of the brackets
are commutators [·, ·].
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Returning to the definition [199, 200] of a Killing superalgebra g for super-
symmetric backgrounds the odd subspace g1 of g is spanned by Qǫn, where we
have associated a generator Qǫn to every linearly independent Killing spinor
ǫn on the spacetime, n = 1, . . . , N . Similarly, g0 is spanned by VXmn , where we
have associated a generator VXmn to every linearly independent Killing vector
bilinear Xmn on the spacetime. For d = 11 and (massive) IIA supergravities,
the latter are defined in terms of the Killing spinors as
Xmn ..= 〈(Γ+ − Γ−)ǫm,ΓAǫn〉 eA . (301)
For IIB supergravity, one takes the real part of the above expression. Note
that the inner product used in (301) is proportional to the Dirac inner prod-
uct, see appendix B, where the proportionality factor has been introduced for
convenience. The proof that all Xmn are Killing follows from the linearity of
the KSEs and the Killing property of the vector bilinear of a single Killing
spinor that we have already demonstrated, see e.g. sections 8.2.2 and 8.3 for
d = 11 supergravity. Similar definitions forX exist in all supergravity theories.
Observe that Xmn = Xnm.
The (anti-)commutators of the Killing superalgebra are defined as follows
{Qǫm, Qǫn} = VXmn , [VXmn , Qǫp] = QLXmnǫp ,
[VXmn , VXpq] = V[Xmn,Xpq] , (302)
where [Xmn, Xpq] is the Lie commutator of two vector fields, and in d = 11
and (massive) IIA supergravities LXmn is the spinorial Lie derivative (38) with
respect to Xmn, while in IIB supergravity the spinorial Lie derivative involves
an additional U(1) twist as explained in section 8.4. It has been demonstrated
in [146] that the super-Jacobi identities (300) are satisfied in d = 11 and IIB
supergravities. This is expected to hold for all supergravity theories. It is worth
pointing out that the universal condition LXǫ = 0 we have found for N = 1
backgrounds in all supergravity theories we have investigated is required for
the super-Jacobi identity [{Qǫ, Qǫ}, Qǫ] = LXǫ = 0 to be satisfied.
9 Maximally supersymmetric solutions in d = 10 and d = 11
Maximally supersymmetric backgrounds are those that preserve all supersym-
metries of a supergravity theory. Typically, these have a special status amongst
the other solutions. For example in d = 10 type II and d = 11 supergravities,
the maximally supersymmetric backgrounds preserve 32 supersymmetries and
have found extensive applications in compactifications and in the AdS/CFT
correspondence. They have been classified up to a local isometry in [10, 201].
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Here, we shall summarize the main steps of the proof of the classification
theorem.
9.1 d = 11 supergravity
The maximally supersymmetric solutions of d = 11 supergravity are locally
isometric to one of the following solutions
- AdS4 × S7 with metric and flux
ds2 = ℓ2 d˚s2(AdS4) + 4ℓ
2 d˚s2(S7) , F = ±3ℓ3 ˚dvol(AdS4) , (303)
- AdS7 × S4 with metric and flux
ds2 = ℓ2 d˚s2(AdS7) +
1
4
ℓ2 d˚s2(S4) , F = ±3
8
ℓ3 ˚dvol(S4) , (304)
- the plane wave with metric and flux
ds2 = 2dvdu+ Aijx
ixjdv2 + δijdx
idxj ,
F = µdv ∧ dx1 ∧ dx2 ∧ dx3 , (305)
with A = −µ2
36
diag(4, 4, 4, 1, 1, 1, 1, 1, 1) and µ 6= 0 ,
- Minkowski spacetime R10,1 for which F = 0 ,
where d˚s2 and ˚dvol denote the metrics and volume forms of the indicated
spaces with radii normalized to one, respectively, and ℓ ∈ R>0. The AdS4×S7
and AdS7 × S4 solutions are of the Freund-Rubin form [202] and have been
found in [203] and [204], respectively. The plane wave solution has been given
in [205]. Observe that plane wave parameter µ can be absorbed in a coordinate
redefinition. The plane wave solution is a Penrose limit of both the maximally
supersymmetric AdS backgrounds of the theory [206].
To prove the above statement observe that maximal supersymmetry implies
that the supercurvature of the supercovariant connection, RMN = [DM ,DN ],
must vanish. Expanding this in skew-symmetric products of gamma matrices
as
RMN =
5∑
k=1
1
k!
TMN,A1...Ak Γ
A1...Ak , (306)
all components of R in the Clifford algebra basis must vanish, i.e.
TMN,A1...Ak = 0 . (307)
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The explicit expression for these components is given in (E.3).
The vanishing of the term of R linear in gamma matrices implies that F ∧F =
0. In turn this gives
iXF ∧ F = 0 , (308)
for any spacetime vector field X .
Substituting (308) into the vanishing condition of the term cubic in gamma
matrices, one finds that
∇BFCA1A2A3 −∇CFBA1A2A3 = 0 . (309)
This together with the Bianchi identity for F , dF = 0, gives that
∇BFA1A2A3A4 = 0 . (310)
Substituting this into the quadratic component, one concludes that the Rie-
mann tensor is also parallel,∇R = 0, and therefore the spacetime of maximally
supersymmetric backgrounds is a Lorentzian symmetric space.
After some computation, the terms in quartic gamma matrices imply that
FCD[A1A2FA3A4]
CD = 0 . (311)
Using the results that arise from the terms quartic in gamma matrices, the
terms quintic in gamma matrices give
iXF ∧ iY F = 0 , (312)
for any vector fields X, Y .
Using (308) and (312), one can show that
iY iZF ∧ F = 0 , (313)
for any vector field Y, Z. Taking the inner derivation with respect to another
vector field of both (312) and (313), one finds that
iX iY F ∧ iZF − iXiZ ∧ iY F = 0 ,
iZiX iY F ∧ F + iX iY F ∧ iZF = 0 , (314)
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after an appropriate lexicographic relabeling of the vector fields, respectively.
The first equation implies that iXiY F ∧ iZF is symmetric in the vector field
Z and Y , while the second implies that it is skew symmetric. As a result the
two terms of the second equation in (314) vanish separately. So in particular,
one has
iZiX iY F ∧ F = 0 . (315)
This condition is known as a Plu¨cker relation and it implies that F is decom-
posable, i.e. it can be written as the wedge product of four one forms
F = θ1 ∧ θ2 ∧ θ3 ∧ θ4 . (316)
As a result F determines a 4-plane at every point in spacetime.
As we have already mentioned the spacetime is a Lorentzian symmetric spaces,
M = G/H . In particular, g = h⊕m, and m is identified as the tangent space of
G/H at the origin. Moreover, the Lorentzian symmetric space have been clas-
sified. It can be shown that they are products of one of the Lorentzian spaces
Minkowski Rn−1,1, dSn, AdSn or Cahen-Wallach CWn(A) with a Euclidean
symmetric space [21]. In particular, the metric of Cahen-Wallach spaces is
given in (C.10), appendix C.2, with detA 6= 0.
To continue, since F is decomposable and parallel, it spans an H-invariant
four-plane n ⊂ m. If F is either time-like or space-like, then the normal n⊥
is also H-invariant and the symmetric space decomposes into a product of
a four-dimensional and a seven-dimensional symmetric space, M = X4 × Y7.
Using this, and solving the equation quadratic in gamma matrices (306), one
finds the AdS4 × S7 and AdS7 × S4 solutions for F time-like and space-like,
respectively, as stated in the beginning of the section.
It remains to investigate the case in which F is null. The only symmetric spaces
that admit parallel null forms are those that locally are products CW×N ,
where N is a Euclidean symmetric space. The equation quadratic in gamma
matrices (306) implies that the only option is the plane wave solution. The
Minkowski space arises whenever F = 0. This completes the proof.
9.2 IIB supergravity
The maximally supersymmetric solutions of IIB supergravity are locally iso-
metric to one of the following:
- AdS5 × S5 with non-vanishing fields
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ds2 = ℓ2d˚s2(AdS5) + ℓ
2d˚s2(S5) ,
F = ±ℓ4
(
˚dvol(AdS5)− ˚dvol(S5)
)
, (317)
- the plane wave solution with non-vanishing fields
ds2 = 2dvdu+ Aijx
ixjdv2 + δijdx
idxj , A = −µ21 ,
F = µ dv ∧ (dx1 ∧ dx2 ∧ dx3 ∧ dx4 + dx5 ∧ dx6 ∧ dx7 ∧ dx8) , (318)
- Minkowski space R9,1 ,
where ℓ ∈ R>0 and d˚s2 and ˚dvol denote the metrics and volume forms of the
corresponding spaces with radii normalized to one, respectively. The existence
of a IIB maximally supersymmetric AdS5 × S5 solution has been mentioned
in [193], see also the comment added there. The plane wave solution has been
found in [207] and has been demonstrated in [206] to be the Penrose limit of
the AdS solution. The parameter µ 6= 0 of the plane wave solution can be
absorbed via a coordinate redefinition.
The proof for this proceeds as in d = 11. The algebraic Killing spinor equation
of IIB supergravity implies that
P = G = 0 , (319)
i.e. the one-form and three-form field strengths vanish. To investigate the
gravitino KSE, we again consider the supercovariant curvature, R, with only
five-form flux. Expanded in skew-symmetric products of gamma matrices, R
is written as
RMN =
2∑
k=0
1
(2k)!
TMN,A1...A2kΓ
A1...A2k . (320)
Again maximal supersymmetry requires that
TMN,A1...A2k = 0 . (321)
The condition that arises for k = 0, together with (319), imply that the dilaton
and axion can be taken to be constant. The term quartic in gamma matrices
implies that
∇BFCA1...A4 −∇CFBA1...A4 = 0 ,
FDB[A1A2A3FA4A5A6]C
D = 0 . (322)
The first equation together with the Bianchi identity for F imply that F is
parallel
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∇BFA1...A5 = 0 . (323)
The second equation can also be written as
iXFL ∧ iY F L = 0 . (324)
Observe that this also implies that iXFL ∧ F L = 0. Then a similar argument
to that presented for eleven-dimensional supergravity reveals that
iZiY iXFL ∧ F L = 0 . (325)
This relation is not a Plu¨cker relation but a generalization. It has been solved in
[201] to reveal that there is a decomposable five-formK such that F = K+⋆K,
where K is a simple form. Note that (325) and its generalization to (k+1)-
forms can also be thought as the Jacobi identity of metric k-Lie algebras [208].
It remains to solve the condition quadratic in gamma matrices (320). This
together with ∇F = 0 imply that the spacetime is a symmetric space, G/H .
Moreover, if K is either time-like or space-like, then F defines an H-invariant
five-dimensional subspace n of m which has an H-invariant normal n⊥, g =
h ⊕ m. Again the spacetime decomposes and the only solution is AdS5 × S5.
The remaining case is when K is null. This gives the plane wave solution.
The Minkowski space arises whenever all form field strengths vanish. This
completes the proof.
9.3 Other d = 10 supergravities
A similar analysis to the one presented above for the d = 11 and IIB su-
pergravities reveals that the maximally supersymmetric backgrounds of IIA
supergravity are locally isometric to R9,1 with constant dilaton and with all
remaining form field strengths vanishing. The same applies to the heterotic
or type I supergravities. The massive IIA supergravity does not have a maxi-
mally supersymmetric background provided that the cosmological constant is
non-zero.
10 Nearly maximally supersymmetric supergravity backgrounds
Spinorial geometry can be adapted to classify backgrounds that preserve a
near maximal number of supersymmetries. In particular, we shall present a
brief description of the proof that the N = 31 backgrounds of IIB and d = 11
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supergravities are locally maximally supersymmetric [60,209]. A similar result
for IIA supergravity has been demonstrated in [210].
To investigate the geometry of backgrounds of d = 10 and d = 11 supergrav-
ities with a near maximal number of supersymmetries it is more convenient
to use the gauge symmetry to choose a canonical form for the normals to the
Killing spinors. To see this, let us specialize to the N = 31 case, and write the
Killing spinors as,
ǫr =
32∑
i=1
f ri η
i , r = 1, . . . , 31, (326)
where ηi is a basis in the space of spinors and f ri is a matrix of real spacetime
functions of rank 31. The main difficulty in solving the KSEs or their inte-
grability conditions is that f ri is not a square invertible matrix. To overcome
this, one uses the gauge symmetry of the KSEs to choose the hyperplane of
Killing spinors. It turns out that the most efficient way to do this is to use the
gauge symmetry to orient the normal ν to the Killing spinors into a particular
direction. Having chosen the normal spinor ν, the 31 Killing spinors are then
defined by the orthogonality condition
〈ν, ǫr〉s = 0 , (327)
where 〈·, ·〉s is a suitable Spin-invariant inner product in the space of spinors.
Typically, there are several cases that one should investigate corresponding
to the number of canonical forms for ν up to supergravity gauge transfor-
mations, i.e. the number of orbit types of the gauge group on the space of
spinors. Although the methodology to find nearly maximally supersymmetric
backgrounds here is described in the context of d = 10 and d = 11 supergrav-
ities, it also applies to all other theories.
10.1 N=31, IIB
To begin the proof of the main result in IIB supergravity, a convenient basis
in the space of IIB spinors can be chosen as (ηp, iηp), where ηp is a basis in
the space of Majorana-Weyl spinors. In such a case, the Killing spinors can
be written as
ǫr =
16∑
p=1
f rpη
p + i
16∑
p=1
f r16+pη
p , (328)
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where (f rp , f
r
16+p) is a matrix of real spacetime functions of rank 31. A choice
of a Spin(9, 1)-invariant inner product is the real part of the Majorana inner
product of IIB spinors
〈ǫ1, ǫ2〉s ..= ReB (ǫ1, ǫ2) , (329)
see appendix B. It turns out that B is skew-symmetric and vanishes when
restricted to either chiral or anti-chiral spinors. As a result, two spinors have
a non-trivial inner product iff one of the spinors is chiral and the other anti-
chiral. Therefore, since the IIB Killing spinors are chosen to be chiral, the
normal ν lies in the anti-chiral representation of Spin(9, 1).
The gauge group Spin(9, 1) has three different orbits in the space of anti-chiral
spinors with representatives
(n + im)(e5 + e12345) , (n− ℓ+ im)e5 + (n+ ℓ+ im)e12345 ,
n(e5 + e12345) + im(e1 + e234) (330)
and with isotropy groups Spin(7) ⋉ R8, SU(4) ⋉ R8 and G2, respectively.
Therefore there are three different choices for the normal ν to the 31 Killing
spinors.
The analysis for the three different cases is similar. Because of this, we shall
outline the proof for the first normal spinor and the details for the other two
cases can be found in [60]. Substituting the first spinor in (330) as a normal and
the expression for the Killing spinors (328) into the orthogonality condition
(327), one finds
f r1n− f r17m = 0 . (331)
After assuming without loss of generality that n 6= 0 and solving this equation
for f 1r , one finds that the Killing spinors (328) can be written as
ǫr =
f r17
n
(m+ in)(1 + e1234) +
∑
k 6=1,17
f rkη
k . (332)
Observe now that the transformation from the Killing spinors (ǫr) to the basis
((n+ im)(1+ e1234), η
k) is invertible. Substituting this into the algebraic KSE
of IIB supergravity, see appendix E.2, one finds that
PMΓ
Mηp = 0 , p = 2, 3, . . . , 16 . (333)
This is due to the complex conjugation operation in the algebraic KSE and
the choice of the basis in (332). The above equation implies that P must be
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null. But some of the ηp spinors are annihilated by Γ− and some others are
annihilated by Γ+. As a result the only solution that satisfies both light-cone
projections is P = 0.
Next, if P = 0, the algebraic KSE is linear over the complex numbers, as
a result it has an even number of solutions. Since it is required to have 31,
one concludes that it should have 32. The only Clifford algebra element which
annihilates all spinors is the zero element and thus the 3-form flux vanishes,
G = 0.
Therefore the algebraic KSE gives P = G = 0. If this is the case, then the
gravitino KSE becomes linear over the complex numbers, and therefore admits
an even number of solutions. So if it is required to admit 31 Killing spinors,
then it will have 32. The same analysis holds for the other two normal spinors
in (330), see [60] and therefore it follows that all IIB backgrounds with 31
supersymmetries are maximally supersymmetric.
10.2 N=31, D=11
As in the IIB case outlined in the previous section, d = 11 backgrounds with
31 supersymmetries are also maximally supersymmetric [209]. The proof in
d = 11 though is different from that described for IIB. This is because one has
to solve directly the gravitino KSE. In particular, one has to show that for
the backgrounds with 31 supersymmetries the integrability condition of the
gravitino KSE, Rǫr = 0, implies that the supercovariant curvature vanishes,
R = 0 .
To continue, it is convenient to write R in terms of two different bases. In
one of the bases, R automatically satisfies Rǫr = 0. While in the other, one
can easily impose the field equations and Bianchi identities of supergravity
theories. Comparing the two expressions, one can show the vanishing of the
supercovariant curvature.
To proceed further, let (ηi) be a basis in the space of spinors. Then observe
that the supercovariant curvature for a background with 31 Killing spinors
can be written as
RMN =
32∑
i=1
uMN,i η
i ⊗ ν , (334)
where the u’s are spacetime forms, the spinor indices have been suppressed
and ν is the normal to the Killing spinors. The orthogonality condition has
been taken with respect to a Spin(10, 1)-invariant Majorana inner product.
110
In particular, RMNǫr = 0 as required. Therefore in terms of the u’s the super-
covariant curvature satisfies all the supersymmetry conditions.
To constrain further the components u of R, one has to impose the field
equations and Bianchi identities of 11-dimensional supergravity. These are
most easily expressed in terms of the T components. In particular, observe
that ΓNRMN is a linear combination of field equations and Bianchi identities,
and therefore it necessarily vanishes identically. In turn this leads to
(T 1
MN
)N = 0 , (T 2
MN
)P
N = 0 , (T 1
MP1
)P2 +
1
2
(T 3
MN
)P1P2
N = 0 ,
(T 2
M [P1
)P2P3] − 13(T 4MN)P1P2P3N = 0 , (T 3M[P1)P2P3P4] + 14(T 5MN)P1···P4N = 0 ,
(T 4
M [P1)P2···P5] −
1
5 · 5!ǫP1···P5
Q1···Q6(T 5
MQ1
)Q2···Q6 = 0 .
(335)
The second and third of these equations are consequences of the Einstein and
F field equations, respectively. We also use the additional conditions
(T 1
MN
)P = (T
1
[MN)P ] , (T
2
MN
)PQ = (T
2
PQ
)MN , (T
3
[MN)PQR] = 0 , (336)
which can easily be derived by inspecting the explicit expressions of T in terms
of the physical fields in (E.3) and by using the Bianchi identity of F . Observe
that the first condition in (335) is a consequence of the first condition in (336).
Next comparing (334) with (306), one concludes that
(T k
MN
)A1A2...Ak =
(−1)k+1
32
uMN,iB(η
i,ΓA1A2...Akν) , k = 0, . . . , 5 , (337)
where the relation
η ⊗ θ = 1
32
5∑
k=0
(−1)k+1
k!
B(η,ΓA1A2...Akθ) Γ
A1A2...Ak , (338)
of bi-spinors to spacetime forms has been used. Since T 0 vanishes identically,
consistency requires that the u’s must satisfy
32∑
i=1
uMN,iB(η
i, ν) = 0 . (339)
This equation is easily solved by choosing an appropriate basis (ηi) and setting
one of the u’s to zero.
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It remains to impose the conditions (335) and (336) on the u’s. For this one
uses the relation (337) and a representative for the normal spinor ν up to
Spin(10, 1) transformations. As the normal spinors are in the same represen-
tation as the Killing spinors, and as Spin(10, 1) has two different orbits in
∆32 with isotropy groups SU(5) and Spin(7) ⋉ R
9, there are two different
cases of backgrounds with 31 supersymmetries to be investigated. We shall
not proceed further to carry out the analysis as it is rather technical and can
be found in [209]. The key point to stress though is that the proof requires
the use of the field equations and Bianchi identities in addition of course to
the requirement that the backgrounds preserve 31 supersymmetries.
The possibility remains that backgrounds with 31 supersymmetries can be
constructed as discrete quotients of maximally supersymmetric backgrounds.
This possibility has been excluded in [61]. Therefore all d = 11 backgrounds
with 31 supersymmetries are maximally supersymmetric.
10.3 N > 16 supersymmetric backgrounds
In IIB supergravity, one can show that all N > 28 backgrounds are maximally
supersymmetric [211]. Moreover there is a unique N = 28 plane wave solution
[212]. This is a superposition of the maximally supersymmetric plane wave
and a common sector solution which preserves 28 supersymmetries [213].
In d = 11 supergravity, the results are less stringent. It can be shown though
that all backgrounds that preserve N ≥ 30 supersymmetries are maximally
supersymmetric [214]. As has been mentioned all N = 31 IIA supergravity
backgrounds are maximally supersymmetric [210]. It is likely that one can
obtain in IIA supergravity stronger results similar to those of IIB. This is
because apart from the gravitino KSE, the theory has an algebraic KSE and
therefore the techniques used for IIB can be applied in IIA. However no such
investigation has taken place. It should be noted that there are several solu-
tions known, all plane waves, that preserve 16 < N < 32 supersymmetries
in d = 10 and d = 11 supergravities but these have not been systematically
constructed.
10.4 The homogeneity theorem
The homogeneity conjecture states the following.
- All supergravity backgrounds that preserve more than half of the super-
symmetry of a theory are locally isometric to Lorentzian homogenous
spaces.
112
The conjecture has been confirmed [67] for d = 11 and type II d = 10 super-
gravities. So all backgrounds of these theories that preserve N > 16 supersym-
metries are locally isometric to d = 11 and d = 10 Lorentzian homogeneous
spaces, respectively. The proof of this result is remarkably simple and can be
demonstrated as follows.
The aim of the proof is to show that if a background preserves more than
half of the supersymmetry of a supergravity theory, then its tangent space at
every point will be spanned by the Killing vectors constructed as bilinears of
Killing spinors. As a result, it admits a transitive group action of isometries.
The calculation can be done point-wise on the spacetime M . For this consider
two Killing spinors ǫ and η and the Killing vector bilinear
X|p = 〈ǫ,ΓAη〉s ∂A|p (340)
evaluated at a point p ∈ M , where 〈·, ·〉s is a suitable spin invariant inner
product over R such that the above bilinear is associated to a Killing vector
field on M . Such a bilinear always exists in supergravity theories and the
particular choice is not relevant for the argument that follows.
Let us identify the tangent and co-tangent bundles using the spacetime metric.
If for all Killing spinors ǫ and η the bilinears (340) span TpM at every p ∈M ,
there is nothing to show. Suppose instead that they do not. In such a case,
there is a vector field Y , Yp 6= 0, which is normal to the span of all bilinears
and therefore
(Y AXA)|p = 〈ǫ, Y AΓAη〉s|p = 0 . (341)
The last relation implies that the Clifford algebra operation Y AΓA|p is a map
from the bundle of Killing spinors K to its normal K⊥, Y AΓA|p : Kp → K|⊥p .
K is a subbundle of the spin bundle of the supergravity theory whose fibre
at every point p, Kp, is spanned by the Killing spinors at that point and the
normal K⊥ is taken with respect to 〈·, ·〉s.
However (Y AΓA)
2 = Y 21. This implies that if Y |p is either timelike or space-
like, (Y AΓA)|p is an injection as the kernel is {0}. But if the solutions preserve
more than half of the supersymmetry, this is in conflict with the assumption
that rankK > rankK⊥. Therefore Y |p = 0 and the bilinears (340) span TpM .
It remains to investigate the possibility that Y |p is null with Y |p 6= 0. Focusing
on the d = 11 and d = 10 type II supergravities at hand, if a solution pre-
serves more than half of the supersymmetry, then at least one of the bilinears
(340) will have to be timelike. The maximal number of linearly independent
Killing spinors that can give only null vector bilinears is 16. The presence of
an additional Killing spinor, which is the case here as N > 16, will give rise
113
to a timelike vector bilinear. This becomes rather apparent after looking at
the description of the relevant spinor representations in terms of forms. As a
result, the normal Y to the span of the bilinears (340) cannot be null because
then it cannot be orthogonal to the timelike Killing vector bilinears. This is
a contradiction of our assumption that Y |p is null and therefore we must set
again Y |p = 0. This proves that all backgrounds of d = 11 and d = 10 type
II supergravities theories that preserve strictly more than 16 supersymmetries
must locally be Lorentzian homogeneous spaces. This result also applies to
heterotic supergravity and is expected to hold to many other theories as well.
11 Horizons
11.1 Symmetry enhancement near black hole and brane horizons
A key phenomenon which has spearheaded many of the most well-known ex-
amples of the AdS/CFT correspondence is that there is a (super)symmetry
enhancement near certain black-hole and brane horizons, see e.g. [215, 216].
In particular the near horizon geometry of the extreme Reissner-Nordstro¨m
black hole is AdS2 × S2. So the R × SO(3) isometry group of the black hole
solution enhances near the horizon to SL(2,R)×SO(3). The observation that
the near horizon geometry of D3-branes is AdS5× S5 has led to the most cel-
ebrated example of the AdS5/CFT4 correspondence which states that string
theory on AdS5×S5 is dual to the (maximally supersymmetric) N = 4 d = 4
gauge theory. The isometry group SO(4, 2)×SO(6) of AdS5×S5 is identified
with the product of the conformal times the R-symmetry groups of the gauge
theory.
To illustrate how symmetry enhances near horizons, consider the Reissner-
Nordstro¨m black hole with mass M and charge Q. The metric can be written
as
ds2 = − Λ
ρ2
dt2 + ρ2Λ−1dρ2 + ρ2ds2(S2) , (342)
where Λ = ρ2−2Mρ+Q2 = (ρ−ρ+)(ρ−ρ−) and ρ± =M±
√
M2 −Q2 are the
radii of inner and outer horizons. Introduce Eddington-Finkelstein coordinates
as dρ∗ = ρ2Λ−1dρ and u = t + ρ∗ to rewrite the metric as
ds2 = − Λ
ρ2
du2 + 2dudρ+ ρ2ds2(S2) . (343)
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Next, define the coordinate r = ρ−ρ+ centred at the outer horizon and observe
that the metric is analytic in r. Expanding around r = 0, one has
ds2=2du
[
dr − 1
2
(
r
ρ+ − ρ−
ρ2+
+ r2
2ρ− − ρ+
ρ3+
+O(r3)
)
du
]
+(ρ2+ + 2r ρ+ + r
2)ds2(S2) . (344)
The linear term in r is the surface gravity of the horizon. The 2-sphere S2
is the “spatial horizon section” of the horizon. For an extreme black hole,
ρ− = ρ+, one can scale the coordinates as u→ ℓ−1u and r → ℓ r and take the
limit ℓ→ 0 to find
ds2 = 2du
[
dr − 1
2
r2
1
ρ2+
du] + ρ2+ds
2(S2) , (345)
which is a metric on AdS2×S2. The geometry in the limit is the “near horizon
geometry” of the extreme black hole. For non-extreme black holes, the limit
ℓ→ 0 diverges and therefore the notion of a near horizon geometry is not well
defined.
As has already been mentioned, the R×SO(3) isometry group of the Reissner-
Nordstro¨m black hole in the limit enhances to SL(2,R)× SO(3). In addition,
viewing the extreme Reissner-Nordstro¨m black hole as a solution of the N = 2
d = 4 minimal supergravity, the N = 4 supersymmetry of the solution also
enhances to N = 8 near the horizon. The emergence of the conformal group
SL(2,R) has been extensively utilized in the microscopic counting of black
hole entropy, see e.g. [217].
11.2 The horizon conjecture
Before, we proceed to state the horizon conjecture in detail, let us describe
a model of a spacetime with an extreme Killing horizon and its near hori-
zon geometry. Killing horizons are spacetime hypersurfaces where a timelike
Killing vector field becomes null. The event horizons of many of the black
holes of interest are Killing horizons. In fact, under some natural assumptions
all the event horizons of d = 4 black holes are Killing [218]. In what follows
the focus will be on the metric but the analysis can be extended to include
other fields like the form fluxes of supergravity theories. It has been shown
in [219, 220] that near a smooth extreme Killing horizon, one can adapt a
coordinate system such that the metric takes the form
ds2 = 2du
(
dr + r hI(r, y)dy
I − 1
2
r2∆(r, y)du
)
+ γIJ(y, r)dy
IdyJ . (346)
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For ∆ > 0, ∂u is a timelike Killing vector field which becomes null at the
hypersurface r = 0. The near horizon geometry of the spacetime is defined
after scaling the coordinates u, r as u → ℓ−1u, r → ℓr, and then taking the
limit ℓ→ 0. The resulting metric is
ds2 = 2du
(
dr + r hI(y)dy
I − 1
2
r2∆(y)du
)
+ γIJ(y)dy
IdyJ , (347)
where h, ∆ and γ have been evaluated at r = 0 and therefore they depend
only on the y coordinates. This is a metric on an open neighborhoodM of the
horizon hypersurface. The co-dimension two subspace S defined by u = r = 0
is the “spatial horizon section” of the Killing horizon and it is equipped with
the metric ds˜2(S) = γIJdyIdyJ. For black hole horizons, S is expected to be
compact without boundary.
If the original spacetime with the Killing horizon is a solution of the Einstein
equations, then this will also be the case for M with the near horizon metric
(347). Because of this, one can consider M independently of the “parent”
spacetime as a solution of the theory. This is the approach that will be adopted
from now on in the analysis that follows.
Let M be a spacetime with metric (347), and possibly non-trivial fluxes, that
solves the field equations of a supergravity theory and preserves at least one
supersymmetry. In addition, assume that the fields are smooth and the spatial
horizon section S is compact without boundary. Then the horizon conjecture
[221, 222] states the following.
- The number of Killing spinors N of M are
N = 2N− + Index(DE) , (348)
where N− ∈ Z>0 and DE is a Dirac operator, defined on the horizon
sections S, which is possibly twisted with vector bundle E. The choice of
E depends on the gauge symmetries of supergravity theory.
- If M has non-trivial fluxes and N− 6= 0, then M will admit an sl(2,R)
isometry subalgebra.
The conjecture has been proven for various theories which include d = 11 [221],
(massive) IIA [223,224] , IIB [222] and heterotic supergravities [225]. It has also
been demonstrated for the minimal gauged N = 1 d = 5 supergravity [226],
the N = 2 d = 4 gauged supergravity coupled to any number of vector
fields [227] and the N = 1 d = 5 supergravity coupled to any number of
vector fields [228].
We shall demonstrate the proof of the horizon conjecture in d = 11 super-
gravity but before we do this let us first explain some of its consequences.
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First, if the index vanishes, Index(DE) = 0, which is the case for non-chiral
theories, then N is even. In particular, all odd dimensional near horizon ge-
ometries preserve an even number of supersymmetries. Therefore if a near
horizon geometry preserves one supersymmetry, possibly inherited from the
parent spacetime, it will necessarily preserve another one, and therefore it will
exhibit supersymmetry enhancement.
The near horizon geometries with non-trivial fluxes of all non-chiral super-
gravity theories admit an sl(2,R) isometry subalgebra. Observe that the near
horizon geometry (347) admits two Killing vector fields ∂u and u∂u−r∂r. Their
Lie bracket algebra is solvable. The conjecture states that there must be an
additional isometry such that all three together generate sl(2,R). Therefore,
all such near horizon geometries exhibit symmetry enhancement.
On the other hand if N− = 0, then N = index(DE). The number of Killing
spinors is determined by the topology of S. It turns out that such near horizon
geometries are rather restricted. Typically all the form fields strengths vanish
and the scalars are constant. Such near horizon geometries, up to discrete
identifications, are products of the form R1,1 × S, where S is a product of
Berger manifolds that admit parallel spinors. The formula N = index(DE)
becomes a well-known relation between the index of the Dirac operator and
the number of parallel spinors on certain Berger type of manifolds.
11.3 Proof of the conjecture in d = 11
11.3.1 Preliminaries
Consider a solution of d = 11 supergravity with a Killing horizon that satisfies
all the assumptions made for the validity of the horizon conjecture. The near
horizon geometry apart from the metric also exhibits a non-trivial 4-form flux
F . The near horizon fields are
ds2=2e+e− + ds2(S) , F = e+ ∧ e− ∧ Y + re+ ∧ dhY + Z , (349)
where Y and Z are a 2-form and a 4-form on S, respectively, which depend
only of the coordinates y, dhY = dY − h ∧ Y , and
e+ = du , e− = dr + rh− 1
2
r2∆du , ei = eiJdy
J , (350)
is a coframe with ds˜2(S) = δijeiIejJdyIdyJ. Clearly the metric is of the form
in (347).
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The Bianchi identities (E.7) and field equations (E.6) of the flux F are rewrit-
ten in terms of the horizon fields as
dZ = 0 , dh ⋆9 Z − ⋆9dhY = Y ∧ Z , − d ⋆9 Y =
1
2
Z ∧ Z , (351)
where ⋆9 is the Hodge star operation on S. The spacetime volume form has
been decomposed as ǫ11 = e
+ ∧ e− ∧ ǫ9 , where ǫ9 is the volume form of S.
Similarly, the independent Einstein equations are
R˜ij + ∇˜(ihj) − 1
2
hihj = −1
2
Y 2ij +
1
12
Z2ij + δij
(
1
12
Y 2 − 1
144
Z2
)
, (352)
and
∇˜ihi = 2∆+ h2 − 1
3
Y 2 − 1
72
Z2 , (353)
where ∇˜ and R˜ij are the Levi-Civita connection and the Ricci tensor of S,
respectively. For the rest of the notation see appendix A.
An outline of the proof of the first part of the horizon conjecture is as follows.
First one integrates the d = 11 supergravity KSE along the coordinates r, u
which appear explicitly in the expressions for the fields in (349) and deter-
mines the remaining independent KSEs. Typically these are parallel transport
equations acting on spinors that depend on the fluxes and can be thought
of as a restriction of the gravitino KSE of the theory on S. From these, one
can define certain Dirac like operators, the horizon Dirac operators. A key
next step is the proof of two Lichnerowicz type theorems which relate the zero
modes of the horizon Dirac operators to the Killing spinors on S. Then the
index theorem is used to count the number of Killing spinors and establish
the formula (348).
For the second part of the conjecture, one shows that for horizons with non-
trivial fluxes and N− 6= 0 there is always a pair of Killing spinors whose
three vector bilinears are Killing and their Lie bracket algebra is sl(2,R). This
establishes the horizon conjecture for d = 11 supergravity.
11.3.2 KSEs on the spatial horizon section
The KSE of d = 11 supergravity (275) can be integrated along the u, r coor-
dinates of the near horizon geometry to yield
ǫ = φ+ + uΓ+Θ−φ− + φ− + rΓ−Θ+ (φ+ + uΓ+Θ−φ−) , (354)
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where the spinors φ± satisfy Γ±φ± = 0, depend only of the coordinates of S,
φ± = φ±(y), and
Θ± =
1
4
/h+
1
288
/Z ± 1
12
/Y . (355)
See appendix A for the notation. Substituting (354) back into of the KSE
(275) leads to a plethora of additional equations on φ±. These include the
conditions
(
1
2
∆ + 2
(1
4
/h− 1
288
/Z +
1
12
/Y
)
Θ+
)
φ+ = 0 , (356)
and
(
− 1
2
∆ + 2
(
− 1
4
/h+
1
288
/Z +
1
12
/Y
)
Θ−
)
φ− = 0 , (357)
which will be used later in the investigation of warped AdS backgrounds. How-
ever after some involved analysis described in [221], which makes an essential
use of the field equations and Bianchi identities in (351), (352) and (353), one
finds that the remaining independent KSEs are
∇(±)i φ± ≡ ∇˜iφ± +Ψ(±)i φ± = 0 , (358)
where
Ψ
(±)
i =∓
1
4
hi − 1
288
/ΓZ i +
1
36
/Z i ±
1
24
/ΓY i ∓
1
6
/Y i . (359)
These can be thought of as suitable restrictions of the gravitino KSE (275) on
the spatial horizon section S. Because of this we also refer to φ± as Killing
spinors on S. In addition, it turns out that if φ− is a Killing spinor,∇(−)i φ− = 0,
then φ′+ = Γ+Θ−φ− will also be a Killing spinor, i.e.
∇(+)i φ′+ = 0 . (360)
This is the first indication that there may be a doubling in the number of
Killing spinors for near horizon spacetimes.
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11.3.3 Lichnerowicz type theorems
To continue with the proof of the formula (348), the Killing spinors φ± are
related to the zero modes of Dirac like operators on S. This is done via a
Lichnerowicz type theorem. As a reminder, the classic Lichnerowicz theorem
is as follows. Suppose that D is the Dirac operator on a Riemannian manifold
W which is compact without boundary. It can be established that D2 = ∇2−
(1/4)R, where ∇ is the Levi-Civita connection of W and R its Ricci scalar.
After a partial integration, one has that
∫
W
‖ Dη ‖2=
∫
W
‖ ∇η ‖2 +1
4
∫
W
R ‖ η ‖2 , (361)
where all the inner-products are positive definite and η is a spinor. Clearly, if
R = 0, then all the zero modes of the Dirac operator are parallel and vice-
versa.
Returning to the near horizon geometries, define the “horizon Dirac operators”
as
D(±)φ± ..= Γi∇(±)i φ± = Γi∇˜iφ± +Ψ(±)φ± , (362)
where
Ψ(±) = ΓiΨ(±)i = ∓
1
4
/h +
1
96
/Z ± 1
8
/Y . (363)
Clearly, if ∇(±)i φ± = 0 , then D(±)φ± = 0. The converse is also true, i.e.
∇(±)i φ± = 0⇐⇒ D(±)φ± = 0 . (364)
The proof of this for the D(+) operator relies on the use of the Hopf maximum
principle. Using the field equations and Bianchi identities (351), (352), (353)
and assuming that D(+)φ+ = 0, one can establish that
∇˜i∇˜i ‖ φ+ ‖2 −hi∇˜i ‖ φ+ ‖2= 2〈∇(+)iφ+,∇(+)i φ+〉 , (365)
where 〈·, ·〉 is the Spin(9) invariant Hermitian inner product, see appendix B.
As 〈·, ·〉 is positive definite, the right-hand-side of the equation above is pos-
itive semi-definite. On the other hand, ‖ φ+ ‖2 as a function on the compact
manifold S has a global maximum and a global minimum. These are criti-
cal points and the hessian is either negative or positive definite, respectively.
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Therefore, the left-hand-side of (365) changes sign while the right-hand-side
is definite. So consistency requires that both sides must vanish establishing
(364) for the D(+) operator and
‖ φ+ ‖2= const . (366)
The constancy of the length of φ+ will later be used in the investigation of
the sl(2,R) symmetry.
The proof of (364) for the D(−) operator uses a partial integration argument
as that of the standard Lichnerowicz theorem stated in the beginning of the
section. In particular after imposing the field equations and Bianchi identities
(351), (352)and (353), one can establish that
∫
S
‖ D(−)φ− ‖2=
∫
S
‖ ∇(−)φ− ‖2 +
∫
S
〈Cφ−,D(−)φ−〉 , (367)
where C is a Clifford algebra element that depends on the fluxes. As 〈·, ·〉 is
positive definite, if φ− is a zero mode of D(−), then it will satisfy ∇(−)φ− = 0
which proves the statement.
11.3.4 Counting the Killing spinors
After the proof of the Lichnerowicz type theorems in the previous section, the
apparatus to prove the first part of the horizon conjecture is in place. As S
is an odd-dimensional manifold, the index of the Dirac operator vanishes and
therefore (348) gives N = 2N−.
To demonstrate this, the spacetime spin bundle S restricted on S splits as S =
S+⊕S−, where the sections of S± are φ±, φ± ∈ Γ(S±). Note that S+ and S− are
isomorphic as Spin(9) bundles. Observe that the horizon Dirac operator acts
as D(+) : Γ(S+)→ Γ(S+) and similarly its adjoint (D(+))† : Γ(S+)→ Γ(S+),
where the adjoint has been taken with respect to the Spin(9) invariant inner
product 〈·, ·〉, see appendix B.
The horizon Dirac operator D(+) has the same principal symbol as the stan-
dard Dirac operator D and so Index(D(+)) = Index(D) = 0 as the index of D
vanishes. Thus
dim kerD(+) = dimker (D(+))† . (368)
On the other hand, (D(+))†Γ+ = Γ+D(−), and so
dim ker (D(+))† = dimkerD(−) . (369)
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Therefore, one establishes that
dim kerD(+) = dimkerD(−) . (370)
The number of supersymmetries of a near horizon geometry is the number
of ∇(±) parallel spinors and so from the Lichnerowicz type theorems and the
index argument above
N = dimkerD(+) + dim kerD(−) = 2dimkerD(−) = 2N−. (371)
This proves that the number of supersymmetries preserved by M-horizon ge-
ometries is even confirming the first part of the horizon conjecture for d = 11
supergravity.
11.3.5 Emergence of conformal symmetry
The main task is to select two spacetime Killing spinors and demonstrate that
the associated vector bilinears satisfy an sl(2,R) Lie bracket algebra. As the
near horizon geometries under investigation preserve some supersymmetry,
N = 2N− 6= 0, there is a φ− Killing spinor. As a consequence of (360),
φ+ = Γ+Θ−φ− will also be a Killing spinor. The existence of both φ+ and
φ− suffices to construct two spacetime Killing spinors provided that φ+ 6= 0,
i.e. φ− is not in the kernel of Θ−. Indeed one can show that
KerΘ− 6= {0} ⇐⇒ F = 0, h = ∆ = 0 . (372)
So if KerΘ− 6= {0}, the fluxes will vanish and therefore the near horizon
geometries will be products R1,1×S1×N8, where N8 has holonomy contained
in Spin(7).
To sketch of proof of (372) assume that the kernel of Θ− is non-trivial and
hence there is a φ− 6= 0 such that Θ−φ− = 0. Taking the inner product of
Θ−φ− = 0 with φ−, one finds that ∆ = 0 as ‖ φ− ‖ is no-where vanishing.
Using the maximum principle and a partial integration argument, one can
similarly proceed to prove (372). The details of the proof can be found in [221].
Therefore for horizons with non-trivial fluxes, for every φ− Killing spinor there
is an associated non-trivial Killing spinor φ+ = Γ+Θ−φ−. In turn, the near
horizon spacetime admits two Killing spinors given by
ǫ1= ǫ(φ−, 0) = φ− + uφ+ + ruΓ−Θ+φ+ ,
ǫ2= ǫ(φ−, φ+) = φ+ + rΓ−Θ+φ+ , φ+ = Γ+Θ−φ− . (373)
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These give rise to 3 Killing vector bi-linears, see also (301), given by
X1 ..= 〈(Γ+ − Γ−)ǫ1,ΓAǫ2〉∂A=−2u ‖ φ+ ‖2 ∂u + 2r ‖ φ+ ‖2 ∂r + V i∂˜i ,
X2 ..= 〈(Γ+ − Γ−)ǫ2,ΓAǫ2〉∂A=−2 ‖ φ+ ‖2 ∂u ,
X3 ..= 〈(Γ+ − Γ−)ǫ1,ΓAǫ1〉∂A=−2u2 ‖ φ+ ‖2 ∂u + (2 ‖ φ− ‖2
+4ru ‖ φ+ ‖2)∂r + 2uV i∂˜i , (374)
where V = 〈Γ+φ−,Γiφ+〉 ∂˜i is a Killing vector on S which leaves all the data
invariant and ∂˜i = e
I
i∂I . To simplify somewhat the expressions for the Killing
vector fields above, we have used that
−∆ ‖ φ+ ‖2 +4 ‖ Θ+φ+ ‖2= 0 , 〈φ+,ΓiΘ+φ+〉 = 0 . (375)
These follow either from the KSEs or equivalently from the Killing condition
on X1, X2 and X3.
A straightforward computation reveals that the Lie bracket algebra of X1, X2
and X3 is sl(2,R) ,
[X1, X2] = 2 ‖ φ+ ‖2 X2 , [X2, X3] = −4 ‖ φ+ ‖2 X1 ,
[X3, X1] = 2 ‖ φ+ ‖2 X3 , (376)
where ‖ φ+ ‖ is constant, see (366). Note that the emergence of the sl(2,R)
symmetry is dynamical as the proof of its existence requires the use of the
field equations. This completes the proof of the second part of the horizon
conjecture.
A special case arises whenever V = 0. This together with the Killing condition
ofX1,X2 andX3 imply that h = ∆
−1d∆, see [221] for the proof. The spacetime
is a warped product of AdS2 with the horizon section S, AdS2×wS. Therefore,
the warped AdS2 solutions of supergravity theories are included in the near
horizon geometries and therefore all the properties proven for the latter also
hold for the former.
As has already been mentioned, the horizon conjecture demonstrated for
d = 11 supergravity also holds for other theories including (massive) IIA,
IIB, d = 5 and d = 4 supergravities. In particular, one can show after in-
tegrating over the r, u coordinates that the remaining independent KSEs are
those naively expected from restricting the gravitino and algebraic KSEs on
the spatial horizon section S. The form of the Killing spinors is exactly as in
(354) though of course the field content of Θ± is different. One of the addi-
tional complications that arises in the proof of Lichnerowicz type theorems is
the presence the algebraic KSEs, like for example a dilatino and/or a gaugino
KSE. Nevertheless after an appropriate choice of Dirac horizon operators, it
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is possible to prove with the use of maximum principle and partial integration
arguments that the zero modes of the horizon Dirac operators are Killing,
i.e. they solve both the gravitino and algebraic KSEs. The sl(2,R) conformal
symmetry emerges in the same way as described for d = 11 supergravity.
12 AdS and Minkowski flux compactifications
Amongst the d = 10 and d = 11 supersymmetric solutions which have found
widespread applications in supergravity, string, and M-theory compactifica-
tions and in the AdS/CFT correspondence are warped products of Minkowski
and AdS spaces with some internal space, for reviews see e.g. [229, 230] and
[231]. Such backgrounds are characterized by the requirement that they are
invariant under the isometry group of either the AdS or Minkowski subspaces.
Many of the properties of these backgrounds can be investigated in a unified
way irrespective on whether they are solutions of d = 11, (massive) IIA or
IIB supergravities. These properties include the counting of the number of
preserved supersymmetries, as well as the Killing superalgebras. However to
be concrete, we shall mostly present the analysis for the d = 11 backgrounds
and only comment on the results for other theories.
12.1 Warped AdS and Minkowski backgrounds from horizons
Warped AdS and Minkowski backgrounds are examples of near horizon ge-
ometries possibly allowing for non-compact spatial horizon sections [232]. To
see this, consider the metric
ds2 = A2ds2(AdSn) + ds
2(Nd−n) , (377)
on a warped product of AdSn with an internal space N
d−n, AdSn ×w Nd−n,
where A is the warp factor which depends only on the coordinates of Nd−n
and
ds2(AdSn)= e
2z
ℓ (2dudv +
n−3∑
a=1
(dxa)2) + dz2 , n > 2 ,
ds2(AdS2)= 2du(dv − ℓ−2v2du) , n = 2 , (378)
is the metric on the Poincare´ patch of AdSn space. The parameter ℓ is the
radius of AdSn.
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To see that the metrics above can be written in a near horizon form (347), for
n > 2 perform the coordinate transformation
v = A−2e−
2z
ℓ r , (379)
with the rest of the coordinates unchanged, to find that the metric transforms
to
ds2=2du
(
dr − r(2
ℓ
dz + d logA2)
)
+ A2
(
dz2 + e
2z
ℓ
n−3∑
a=1
(dxa)2
)
+ds2(Nd−n) . (380)
This is a near horizon metric (347) with ∆ = 0, h = −(2
ℓ
dz + d logA2) and
metric on the spatial horizon section
ds2(S) = A2
(
dz2 + e
2z
ℓ
n−3∑
a=1
(dxa)2
)
+ ds2(Nd−n) . (381)
The spatial horizon section is the warped product of the hyperbolic space
Hn−2 with the internal space Nd−n, S = Hn−2 ×w Nd−n.
Similarly for the warped AdS2 backgrounds, AdS2×wNd−n, perform the coor-
dinate transformation r = vA2 to find that the metric can be put into the near
horizon form (347) with ∆ = ℓ−2A−2 and h = −d logA2. The near horizon
section S is identified with the internal space Nd−2, S = Nd−2.
The rest of the form fluxes of the warped AdSn backgrounds of supergravity
theories can also be put into a near horizon form. In particular a typical k-form
flux field strength F , k ≥ n, can be written as
F = dvol(AdSn) ∧W + Z = e+ ∧ e− ∧ Y + Z , (382)
where W and Z are (k − n)- and k-forms on Nd−n which depend only on the
coordinates of Nd−n. If k < n, then F will be written as above with W = 0.
Note also that the terms dhY in the fluxes, see (349), must vanish as they are
not invariant under the isometries of AdSn.
The warped Minkowski backgrounds can be viewed as a special case of AdS
backgrounds which arise in the limit that the AdS radius ℓ goes to infinity,
ℓ→∞. In particular notice that in this limit the metric (380) onAdSn×wNd−n
becomes a metric on Rn−1,1 ×w Nd−n.
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12.2 Solution of KSEs for AdS backgrounds
In the literature, the KSEs of supergravity theories have been solved for
warped AdS backgrounds in many different ways. Some approaches involve a
factorization of the spacetime Killing spinors into Killing spinors on the AdS
subspace and those on the internal space. There is an extensive literature on
AdS solutions and an incomplete list of works is [202,233–249]. Here we shall
adopt the approach developed in [250–252] in which the spacetime KSEs are
solved directly for these backgrounds without any assumptions. This utilizes
all the technology that has been developed to solve the KSEs for near horizon
geometries described in section 11.3.2. Apart from generality, this methods al-
lows to treat some of the properties of the backgrounds simultaneously without
reference to a particular AdS background or the theory that it is a solution
of. A comparison of the different approaches can be found in [253].
To begin let us write the d = 11 warped AdS backgrounds as
ds2=2e−e+ + (ez)2 +
n−3∑
a=1
(ea)2 + ds2(N11−n) ,
F = dvol(AdSn) ∧W + Z = e+ ∧ e− ∧ Y + Z , (383)
where W and X are (4−n)- and 4-forms on N11−n and Y has been introduced
to facilitate progress in the analysis that follows. The spacetime coframe is
chosen as
e− = du , e+ = dr − (2
ℓ
dz + d logA2) , ez = Adz ,
ea = Ae
z
ℓ dxa , ei = eiIdy
I , (384)
the 2-form Y is
Y = ez ∧W , (n = 3) ; Y = W ez ∧ e1 , (n = 4) ;
Y = 0 , n > 4 , (385)
and ds2(N11−n) = δijeiej .
The field equations of d = 11 supergravity can be rewritten in terms of the
component fields of the AdSn backgrounds as given in (383). In particular, the
field equation for the warp factor, which arises from the Einstein equations
along the AdSn subspace, is
D2 log A = −n− 1
ℓ2A2
− n∂i log A∂i log A+ 1
6
Y 2 +
1
144
Z2 , (386)
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where D is the Levi-Civita connection of the internal space N11−n. It can be
argued that for smooth solutions A is no-where zero. The rest of the field
equations can be found in [250] and they will not be repeated here.
The integration of the d = 11 gravitino KSE (275) over the AdSn subspace
of AdSn ×Nd−n leads to an expression for the Killing spinor which is explicit
in AdS coordinates. The remaining KSEs include a restriction of (275) to the
internal space N11−n. In addition to these, there are also new algebraic condi-
tions on the spinors which arise as integrability conditions of the integration
of (275) over AdSn. In particular, a spacetime Killing spinor, ǫ, can be written
as
ǫ = ǫ1 + ǫ2 + ǫ3 + ǫ4 , (387)
where
ǫ1=σ+ , ǫ2 = σ− − ℓ−1e zℓ xaΓazσ− − ℓ−1A−1uΓ+zσ− ,
ǫ3= e
− z
ℓ τ+ − ℓ−1A−1re− zℓΓ−zτ+ − ℓ−1xaΓazτ+ , ǫ4 = e zℓ τ− , (388)
and all the gamma matrices are in the coframe basis (384). The σ± and τ±
spinors satisfy the lightcone projections Γ±σ± = Γ±τ± = 0, and depend only
on the coordinates of N11−n. Furthermore, σ± and τ± are parallel along the
internal space N11−n
D
(±)
i σ± = 0 , D
(±)
i τ± = 0 , (389)
and satisfy the algebraic conditions
Ξ(±)σ± = 0 , Ξ(±)τ± = ∓ 1
ℓA
τ± , (390)
where
D
(±)
i
..=Di ± 1
2
∂i logA− 1
288
/ΓZ i +
1
36
/Z i ±
1
24
/ΓY i ∓
1
6
/Y i ,
Ξ(±) ..=−1
2
Γz /∂ logA∓ 1
2ℓA
+
1
288
Γz /Z ± 1
6
/Q , (391)
and where Q is defined by the relation Y = ez ∧ Q. Note that the last term
in the first equation vanishes for n = 4 as iXY = 0 for any vector field X on
the internal space.
The conditions (389) on σ± and τ± are those that are thought of as restrictions
of the spacetime gravitino KSE to the internal space. While those in (390) are
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the new ones that arise as integrability conditions. We shall refer to both as
the remaining KSEs.
An outline of the proof of the formulae (387) and (388) for the Killing spinor
ǫ is as follows. As the warped AdS backgrounds can be put in a near horizon
form, one can integrate along the u, r coordinates to get the expression of the
Killing spinor as for near horizon geometries in (354). Then the independent
KSEs (358) on φ± evaluated along the z coordinate can be written as
∂zφ± = AΞ
(±)φ± , (392)
where Ξ(±) is as in (390). Taking another z derivative of the above equation
and using the conditions (356) and (357), one finds that
∂2zφ± ±
1
ℓ
∂zφ± = 0 . (393)
Therefore, the solutions are φ± = κ±+ e∓
z
ℓ λ±, where κ± and λ± are indepen-
dent of the u, r, z coordinates. Substituting φ± back into (392), one finds the
algebraic conditions in (390) on κ± and λ±, respectively. The integration over
the remaining xa AdS coordinates does not produce additional integrability
conditions. Performing the integration over the xa coordinates and using the
algebraic KSEs (390), one finds the expression for the Killing spinors as in
(387) and (388).
The solution of the KSEs of d = 10 supergravities for warped AdS backgrounds
proceeds as for the d = 11 ones described above. The expression for the Killing
spinors is the same as (387) and (388). The spinors σ± and τ± satisfy some
remaining KSEs. These include a restriction of the original KSEs of these
theories on the internal spaces N10−n, like (389), and some additional ones
that arise as integrability conditions of the integration of the gravitino KSE
over AdSn, like (390). Of course the former, apart from parallel transport
equations, like those of (389) associated with the gravitino KSE, include also
algebraic KSEs which are restrictions of the algebraic KSE of these theories to
N10−n. For example in IIA supergravity τ± and σ± satisfy a condition which
is a restriction of dilatino KSE to the internal space.
12.3 Counting supersymmetries for warped AdS backgrounds
The number of supersymmetries preserved by warped AdS backgrounds come
with multiplicities. This is because Clifford algebra operations act on the so-
lutions of the remaining KSEs (389) and (390) generating new ones. In par-
ticular, if σ± are solutions of (389) and (390), then
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τ± ..= Γzaσ± , ∀ a , (394)
will also be solutions. As the Clifford algebra operations Γza are invertible, the
converse is also true.
Similarly, if σ+ and τ+ are solutions, then
σ− ..= AΓ−Γzσ+ , τ− ..= AΓ−Γzτ+ , (395)
will also be solutions, and vice versa.
Furthermore, if σ+ is Killing spinor of (389) and (390), then
σ′+ ..= Γabσ+ , ∀ a, b , with a < b , (396)
will also be Killing spinors. Therefore, one can start from a solution and act
with the Clifford algebra operations above to construct a whole multiplet.
The counting proceeds with the identification of the linearly independent solu-
tions in each multiplet. The number of Killing spinors of an AdSn background
is the number of Killing spinors in each multiplet times the number of mul-
tiplets that can occur. First, we have seen that warped AdS2 backgrounds
preserve an even number of supersymmetries as a special case of near horizon
geometries. Since for n ≥ 3, the σ− and τ− solutions are generated from those
of σ+ and τ+, it suffices to count the latter. AdS3 backgrounds can admit
either σ+ or τ+ or both σ+ and τ+ Killing spinors. Therefore the multiplet
contains always the pair σ± or τ± or both, and so these backgrounds preserve
2k supersymmetries.
For AdSn, n > 3, the τ+ solutions are generated from those of σ+. Therefore
the number of linearly independent Killing spinors in a multiplet is four times
the linearly independent σ+ spinors that arise from the application of (396).
For warped AdS4 backgrounds, (396) does not produce any degeneracy and
so the number of supersymmetries preserved are 4k. For warped AdS5 back-
grounds, (396) yields two linearly independent σ+ spinors for each multiplet.
Therefore these backgrounds preserve 8k supersymmetries. A similar counting
leads to the conclusion that warped AdS6 backgrounds preserve 16k supersym-
metries. Note though that to correctly count the number of Killing spinors for
warped AdS7 backgrounds, the σ+ Killing spinor which is used to construct
a multiplet can be chosen to satisfy the condition Γ1234σ+ = ±σ+. Such a
choice leads to the possibility of warped AdS7 backgrounds that can preserve
16 supersymmetries. These results are tabulated in table 4. The counting of
supersymmetries of warped AdS backgrounds in d = 10 type II supergravi-
ties can be done in the same way leading to the same results as for d = 11
supergravity.
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N for AdSn N for R
n−1,1
n = 2 2k −
n = 3 2k 2k
n = 4 4k 4k
n = 5 8k 8k
n = 6 16k 8k
n = 7 16k 16k
Table 4
The proof that warped AdS2 backgrounds preserve 2k supersymmetries requires
that the fields are smooth and the internal space is compact without boundary. For
the rest of AdSn and R
n−1,1 backgrounds, no such assumptions are necessary. In all
cases N ≤ 32. This couting of supersymmetries applies to all d = 11 and d = 10
type II supergravities.
12.4 KSEs and counting supersymmetries for warped Minkowski backgrounds
To find the Killing spinors of warped Minkowski backgrounds, one follows the
same steps as in the AdS case. It turns out that the Killing spinors can be
written as
ǫ= σ+ + uΓ+ΓzΞ
(−)σ− +
∑
m
xmΓmAΓzΞ
(+)σ+
+ σ− + rΓ−ΓzΞ(+)σ+ +
∑
m
xmΓmAΓzΞ
(−)σ− , (397)
where the coordinates of the Minkowski space are (u, r, xm) = (u, r, z, xa) and
all the gamma matrices are in a coframe basis. The remaining KSEs are
D
(±)
i σ± = 0 , (Ξ
(±))2σ± = 0 , (398)
where D
(±)
i is given in (391) and
Ξ(±) ..=−1
2
Γz /∂ logA+
1
288
Γz /Z ± 1
6
/Q . (399)
Before we describe the proof of this observe that the Killing spinors may de-
pend on the coordinates of the Minkowski space provided that σ± /∈ ker Ξ(±).
This may seem a bit puzzling but it should be allowed. This is because AdSn
spaces in the Poincare´ patch can be viewed as warped Minkowski Rn−2,1 back-
grounds, AdSn = R
n−2,1×w R, and we have demonstrated that Killing spinors
of AdS spaces (387) and (388) depend on all AdS coordinates including those
of the Rn−2,1 subspace. For more discussion on this see [253].
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Returning to the proof of (397), one first solves the gravitino KSE along the
coordinates (u, r), as for near horizon geometries, to yield the expression of
the Killing spinor ǫ in terms of the (u, r) coordinates and in terms of the φ±
spinors as for near horizon geometries (354). Then the gravitino KSE (358)
on φ± along the z coordinate reads
∂zφ± = AΞ(±)φ± , (400)
where Ξ(±) is as in (399). Clearly a solution of this is φ± = κ± + zAΞ(±)κ±
provided that (Ξ(±))2κ± = 0, where κ± does not depend on z. Proceeding in
a similar way and solving the gravitino KSE along the remaining coordinates
of the Minkowski subspace, one finds (397) and (398).
To count the multiplicities of Killing spinors observe that if σ− is a Killing
spinor, then σ+ = A
−1Γ+Γmσ− will also be Killing spinors for every m, and
vice versa. Furthermore, if σ+ is a Killing spinor, then σ
′
+ = Γmnσ+ will also be
Killing spinors for every m < n. Counting the independent Killing spinors in
a way similar to that presented for warped AdS backgrounds, one establishes
the results of table 4. Notice that the counting of supersymmetries of warped
R
1,1 backgrounds has been excluded from the results in table 4. This is because
warped R1,1 backgrounds with fluxes may either be singular or the internal
space may not compact. Therefore, the counting of supersymmetries presented
for the warped AdS2 backgrounds cannot straightforwardly be adapted to this
case.
12.5 A non-existence theorem for smooth warped de-Sitter and Minkowski
compactifications
There are restrictions on the existence of smooth warped de-Sitter and Minkowski
supergravity compactifications [158, 159]. To see this consider a d = 10 or a
d = 11 supergravity theory and seek warped flux compactification solutions
with metric
ds2 = e2φds2(Mn) + ds2(ND−n) , (401)
where e2φ is the warp factor, Mn is either Minkowski, Rn−1,1, de-Sitter, dSn,
or anti-de-Sitter, AdSn, space, and N
d−n is an internal space. The rest of the
fields are non-vanishing but they are suppressed in the statements that follow.
The Einstein field equations along Mn, or equivalently the field equation of
the warp factor,, can be written as
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D2enφ = q e(n−2)φR(Mn) + enφS(F ) , (402)
where q ∈ R>0, R(Mn) is the scalar curvature of Mn, D is the Levi-Civita
connection of the internal space Nd−n and S(F ) a function that depends on
the other fields of the theory. See also the warp factor field equation for AdSn
backgrounds in (386). Clearly, S(F ) depends on both the choice of background
and the theory under investigation. But the key observation is that for d = 11,
(massive) IIA and IIB supergravities S(F ) ≥ 0 and vanishes whenever the
fields are zero.
As for de-Sitter backgrounds, R(dSn) > 0, an application of the Hopf max-
imum principle, or equivalently a partial integration argument, reveals that
there are no smooth warped compactifications with compact, without bound-
ary, internal space. Moreover there are no smooth warped Minkowski com-
pactifications, R(Rn−1,1) = 0, with non-trivial fluxes and compact, without
boundary, internal space. The only smooth such compactifictions are those
with trivial fluxes and with constant warp factor, e.g. Calabi-Yau type of
compactifications. It is essential to stress that this argument does not depend
on whether or not the backgrounds preserve some supersymmetry. It is solely
based on the Einstein field equation and in particular the field equation of the
warp factor. This non-existence theorems have consequences for the applica-
tions of supergravity and string theory compactifications in particle physics
and cosmology, see e.g. [254] for a review and references therein. The former
require flux compactifications for moduli stabilization while the latter rely on
the existence of de-Sitter vacua.
12.6 Killing superalgebras for warped AdS backgrounds
To make further progress towards the investigation of the geometry of warped
AdS backgrounds, one may proceed to find their Killing superalgebras, see
section 8.6. As we shall demonstrate later, these are sufficient to determine
all AdS backgrounds which preserve N > 16 supersymmetries in d = 11 and
type II d = 10 supergravities.
Before we present the key steps of the proof identifying all Killing superal-
gebras of AdS backgrounds [255], let us state our assumptions, see also [256]
for an early superalgebra computation. Take g to be the Killing superalgebra
of a warped AdSn background. The even part of the superalgebra g0 contains
the isometries so(n − 1, 2) of the AdSn subspace. This can be verified after
an explicit computation of the vector bilinears of the Killing spinors (387).
One may also expect that g0 = so(n − 1, 2) ⊕ t0, n 6= 3, where t0 is the Lie
algebra of isometries of the internal space Nd−n. However this is not always
the case. One way to see this is to observe that AdSk backgrounds can be writ-
ten as warped products, AdSk = AdSn ×w Rk−n, of AdSn spaces for n < k.
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The internal space Nd−n of AdSn is Nd−n = Rk−n ×w Nd−k, where Nd−k is
the internal space of the AdSk background. From the perspective of AdSn,
there exist Killing vector fields with components on the both AdSn and its
internal space Nd−n which cannot be separated into isometries of AdSn and
isometries of Nd−n. This is because so(k − 1, 2) cannot be decomposed as
so(k − 1, 2) = so(n− 1, 2)⊕ m, where m is also a Lie algebra. To avoid such
a phenomenon developing, we shall assume that either g0 = so(n− 1, 2)⊕ t0,
where t0 is the algebra of isometries of the internal space, or that the internal
space of AdSn backgrounds is compact without boundary. In either case, one
finds that the following conditions on the bilinears
〈σ+,ΓiΓaσ′+〉 = 0 , 〈τ+,ΓiΓzσ+〉 = 0 , (403)
for every Killing spinor σ+, σ
′
+ and τ+. Of course for AdSn, n > 3, backgrounds
the two conditions are equivalent while for AdS3 backgrounds only the latter
applies. A consequence of the algebraic KSEs (390) is then that
〈τ+, σ+〉 = 0 . (404)
Another consequence of the requirement that g0 = so(n − 1, 2) ⊕ t0, and so
[so(n−1, 2), t0] = 0, and the Killing condition on the spacetime vector bilinears
(301) of the Killing spinors (387) is that
X˜ i∂iA = 0 , 〈σ+, σ′+〉 = const , (405)
where X˜ = 〈σ+,ΓiΓzσ′+〉∂˜i are the Killing vector bilinears of the internal space.
Therefore, the warp factor is invariant under the action of g0. As the inner
product of Killing spinors is constant from now on without loss of generality
we shall set
〈σr+, σs+〉 =
1
2
δrs , (406)
where for AdSn, n > 3, r, s = 1, . . . , N/4, and for AdS2 and AdS3, r, s =
1, . . . , N/2. The identification of Killing superalgebras is somewhat different
for AdSn, n > 3 and AdSn, n ≤ 3 backgrounds and therefore they will treated
differently.
12.6.1 Killing superalgebras for AdSn, n > 3, backgrounds
Supposing that the conditions on the bilinears (403) hold, one can demonstrate
that the Killing superalgebras g of warped AdSn, n > 3, backgrounds are those
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tabulated in table 5. Moreover the isometry algebras t0 of their internal space
are presented in table 6.
Killing superalgebras of d = 10, 11 warped AdSn, n > 3, solutions
N AdS4 AdS5 AdS6 AdS7
4 osp(1|4) - - -
8 osp(2|4) sl(1|4) - -
12 osp(3|4) - - -
16 osp(4|4) sl(2|4) f∗(4) osp(6, 2|2)
20 osp(5|4) - - -
24 osp(6|4) sl(3|4) - -
28 osp(7|4) - - -
32 osp(8|4) sl(4|4)/18×8 - osp(6, 2|4)
Table 5
f∗(4) is a different real form of f(4), which appears in the AdS3 case.
Isometry algebras of internal spaces
N AdS4 AdS5 AdS6 AdS7
4 {0} - - -
8 so(2) u(1) - -
12 so(3) - - -
16 so(4) u(2) so(3) so(3)
20 so(5) - - -
24 so(6) u(3) - -
28 so(7) - - -
32 so(8) su(4) - so(5)
Table 6
These algebras must act effectively on the internal spaces of AdSn backgrounds
The proof of these results relies on the fact that the dependence of the Killing
spinors, (387) and (388), on the coordinates of the AdSn subspace of the
warped backgrounds is known. As a result, one can explicitly compute the
(anti-) commutators
{g1, g1} = so(n− 1, 2) + t0 ,
[so(n− 1, 2), g1] ⊆ g1 . (407)
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The key commutator that needs to be found is [t0, g1]. This typically requires
some information on the underlying geometry of the internal space Nd−n.
However for AdSn, n > 3, backgrounds this is not necessary and the result
follows as a consequence of the super-Jacobi identities (300) of the Killing
superalgebra. The remaining commutator [t0, t0] also follows from the super-
Jacobi identities. The details of this computation can be found in [255]. It is
remarkable that for each AdSn background the Killing superalgebra is specified
uniquely by the number N of supersymmetries that are preserved. Another
important consequence of the computation of the super-Jacobi identities is
that the Lie algebra t0 acts (almost) effectively on the internal space, i.e. all
elements of t0 generate a non-trivial vector field on N
d−n. If this is not the
case, the super-Jacobi identities cannot be satisfied.
12.6.2 Killing superalgebras of AdS2 and AdS3 backgrounds
Let us now turn to investigate the Killing superalgebras of warped AdS3 back-
grounds. AdS3 is locally a group manifold and the Killing superalgebra g
decomposes as g = gL ⊕ gR into left and right superalgebras, [gL, gR] = 0.
The left superalgebra gL is associated with the σ+ Killing spinors while gL is
associated with the τ+ Killing spinors. It suffices to identify only gL as the
same techniques can be used to identify the gR Killing superalgebras. The
list of gL Killing superalgebras is the same as that of the gR Killing super-
algebras. Though a given background may exhibit a different gL from a gR
Killing superalgebra. Assuming the conditions (403) on the bilinears, the gL
Killing superalgebras of AdS3 backgrounds are given in table 7. Furthermore,
the isometry algebras of the internal space are given in table 8. The Killing
superalgebras of AdS2 backgrounds with compact, without boundary, internal
space can be identified with the left copies gL of the Killing superalgebras of
warped AdS3 backgrounds.
The identification of Killing superalgebras in table 7 for warped AdS2 and
AdS3 backgrounds is more involved than that presented in the previous section
for warped AdSn, n > 3 backgrounds. To outline the main steps of the proof,
consider first the Killing superalgebra gL of N = 2 warped AdS3 backgrounds.
A direct computation reveals that
{QA, QB} = VAB , [VAB, QC] = −ℓ−1(ǫCAQB + ǫCBQA) , (408)
where A,B,C = 1, 2, VAB are the generators of g0 = so(1, 2) = sp(2) and QA
are odd generators of the superalgebra associated to the two Killing spinors
(387) constructed from σ±. There are no internal space isometries generated
from vector bilinears and so t0 = {0}. This superalgebra is isomorphic to
osp(1|2). Note that in this section A,B,C are not frame coframe indices.
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Killing superalgebras of d = 10, 11 warped AdS2 and AdS3 solutions
NL gL/cL
2k osp(k|2)
4k, k > 1 sl(k|2)
8k, k > 1 osp∗(4|2k)
16 f(4)
14 g(3)
8 D(2, 1, α)
8 sl(2|2)/14×4
Table 7
(gL/cL)0 = so(1, 2)⊕t0/cL, where there may be a central term cL. The superalgebras
osp∗(4|2k) are different real forms of the osp(4|2k) superalgebras, see table 5.
Isometries of internal spaces
NL gL/cL (tL)0/cL dim cL
2k osp(k|2) so(k) 0
4k, k > 2 sl(k|2) u(k) 0
8k, k > 1 osp(4|2k) sp∗(k)⊕ sp∗(1) 0
16 f(4) spin(7) 0
14 g(3) g2 0
8 D(2, 1, α) so(3)⊕ so(3) 0
8 sl(2|2)/14×4 su(2) ≤ 3
Table 8
sp∗(k) is the compact symplectic algebra with (real) dimension k(2k + 1) which is
a real form of sp(2k)
Suppose now that we have N = 2k supersymmetries. As the dependence of
the Killing spinors (387) on the AdS3 coordinates is known, one finds after a
direct computation that
{QAr, QBs} = VABδrs + ǫABV˜rs ,
[VAB, QCr] = −ℓ−1(ǫCAQBr + ǫCBQAr) , (409)
where r, s = 1, . . . , k and V˜rs ∈ t0. It remains to compute [V˜rs, QAt]. As the
spinorial Lie derivative along isometries X˜ of the internal space does not
change the functional dependence of the Killing spinors ǫ on the AdS3 co-
ordinates, one concludes that
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[V˜rs, QAt] =−ℓ−1(δtrQAs − δtsQAr) + ℓ−1αrstpQAp , (410)
for some structure constants α which remain to be determined. The super-
Jacobi identities (300) together with the identity
〈LX˜σr+, σs+〉+ 〈σr+,LX˜σs+〉 = 0 , (411)
imply that α is a 4-form. To prove (411), take the Lie derivative of the nor-
malization condition of the σ+ Killing spinors in (406) with respect to internal
space isometries X˜ .
Furthermore α is invariant under the representation D of t0 on g1, where
D(V˜rs)QAt ..= [V˜rs, QAt] . (412)
Note that g may have a centre cL ..= {V˜ ∈ t0|D(V˜ ) = 0}. It turns out that
cL = {0} apart from one case where it can have a dimension of at most 3, see
table 8.
The key observation which identifies the representations D that can occur is
that D acts transitively (and effectively) on spheres in R
N
2 . For this it suffices
to show that given two linearly independent vectors u, w ∈ RN2 , there is an
element R(u, w) ∈ t0 such that R(u, w) generates SO(2) rotations on the 2-
plane spanned by u and w in R
N
2 . The statement then follows as such SO(2)
rotations act transitively on all directions in the 2-plane spanned by u and w.
For this set R(u, w) = urwsV˜rs and p ·QA = prQAr, and observe that
D(R(u, w))(p ·QA) = [urwsV˜rs, ptQAt]
=−ℓ−1(p · u wr − p · w ur)QAr , (413)
for any p that lies in the 2-plane spanned by u and w as α(u, w, p, ·) = 0.
So indeed R(u, w) acts as an infinitesimal orthogonal rotation on the 2-plane
spanned by u and w. As this can be done for any u, w ∈ RN2 , it follows
that t0 acts transitively on S
N
2
−1 ⊂ RN2 . The groups that act effectively and
transitively on spheres have been classified in [257] and they have been used in
the Berger classification of irreducible simply connected Riemannian manifolds
[258]. They are given in table 9. Some further analysis which can be found
in [255] reveals that only some of these groups occur in the investigation of
superalgebras and the final result is described in table 7.
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Lie algebras of groups acting transitively on spheres
Algebra Sphere N/2
so(k) Sk−1 k
u(k) S2k−1 2k
su(k) S2k−1 2k
sp∗(k)⊕ sp∗(1) S4k−1 4k
sp∗(k)⊕ u(1) S4k−1 4k
sp∗(k) S4k−1 4k
g2 S
6 7
spin(7) S7 8
spin(9) S15 16
Table 9
spin(9) cannot be realized as a symmetry of the internal space of warped AdS2 and
AdS3 backgrounds as there are no such maximally supersymmetric backgrounds.
12.7 N > 16 AdS backgrounds
As an application of the technology developed so far, we shall provide a classi-
fication of smooth warped AdS backgrounds with compact, without boundary,
internal space that preserve N > 16 supersymmetries in d = 11 and d = 10
type II supergravities [10,259–261]. In particular, one can show the following.
- There are no warped AdSn, n = 2, 3, 6, backgrounds that preserve N > 16
supersymmetries.
- The only warped AdS4 backgrounds that preserve N > 16 supersym-
metries are locally isometric to the N = 24, AdS4 × CP 3, solution of
IIA supergravity of [262] and the maximally supersymmetric solution,
AdS4 × S7, of d = 11 supergravity.
- The only warped AdS7 backgrounds that preserve N > 16 supersym-
metries are locally isometric the the maximally supersymmetric solution,
AdS7 × S4, of d = 11 supergravity.
- The only warped AdS5 backgrounds that preserve N > 16 supersym-
metries are locally isometric to the maximally supersymmetric solution,
AdS5 × S5, of IIB supergravity.
The result above follows immediately for warped AdS6 and AdS7 backgrounds
as these preserve either 16 or 32 supersymmetries. Therefore if they exist, they
must be maximally supersymmetric. The maximally supersymmetric back-
grounds have been classified in [10] and this has already been reviewed in
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section 9 yielding the result stated above.
The next new case that arises is that of warped AdS5 backgrounds that may
preserve N = 24 supersymmetries. The maximally supersymmetric AdS5
backgrounds have already been dealt with in section 9 as part of the clas-
sification of maximally supersymmetric backgrounds in d = 10 and d = 11
supergravities.
12.7.1 A non-existence theorem for warped N = 24 AdS5 backgrounds
Here we shall present the main points of the proof in the context of d = 11
supergravity, see also [259] and for the rest of the theories. The fields of warped
AdS5 backgrounds in d = 11 supergravity are
ds2 = 2du(dr + rh) + A2(ds2 + e
2z
ℓ (dxa)2) + ds2(M6) ,
F = Z , h = −2
ℓ
dz − 2A−1dA , (414)
and the supercovariant connection on the internal space is
D
(±)
i = Di ±
1
2
∂i logA− 1
288
/ΓZ i +
1
36
/Z i . (415)
Using that ‖ σ+ ‖2 is constant, see (405), and D(+)i σ+ = 0, one finds that
− ‖ σ+ ‖2 ∂i logA+ 1
144
〈σ+, /ΓZ iσ+〉 = 0 . (416)
The Killing vectors along the internal space are
X˜i = A〈σ+,Γz12iσ+〉 . (417)
Using this, (416) can be written as
iX˜ ⋆6 Z = 6 ‖ σ+ ‖2 dA . (418)
Taking the inner derivation of the above equation with X˜ , one also finds that
iX˜dA = 0 . (419)
An adaptation of the homogeneity theorem argument [67], reviewed in section
10.4, leads to the conclusion that X˜ span the tangent space of the internal
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Table 10
7-dimensional compact, simply connected, homogeneous spaces
M7 = G/H
(1) Spin(8)Spin(7) = S
7, symmetric space
(2) Spin(7)G2 = S
7
(3) SU(4)SU(3) diffeomorphic to S
7
(4) Sp(2)Sp(1) diffeomorphic to S
7
(5) Sp(2)Sp(1)max , Berger space
(6) Sp(2)∆(Sp(1)) = V2(R
5) , not spin
(7) SU(3)∆k,l(U(1)) =W
k,l k, l coprime, Aloff-Wallach space
(8) SU(2)×SU(3)∆k,l(U(1))·(1×SU(2)) = N
k,l k, l coprime
(9) SU(2)
3
∆p,q,r(U(1)2)
= Qp,q,r p, q, r coprime
(10) M4 ×M3, M4 = Spin(5)Spin(4) , SU(3)S(U(1)×U(2)) , SU(2)U(1) × SU(2)U(1)
M3 = SU(2) , SU(2)×SU(2)∆(SU(2))
(11) M5 × SU(2)U(1) , M5 = Spin(6)Spin(5) , SU(3)SU(2) , SU(2)×SU(2)∆k,l(U(1)) ,
SU(3)
SO(3)
space. As a result Z = 0 and A is constant. However in such a case, the warp
factor field equation
D2 logA = − 4
ℓ2A2
− 5(d logA)2 + 1
144
Z2 , (420)
cannot be satisfied. This excludes the existence of warped AdS5 backgrounds
in d = 11 supergravity that preserve N > 16 supersymmetries.
12.7.2 Existence and uniqueness theorems for warped N > 16 AdS4 back-
grounds
The proof presented in the previous section to find the N > 16 warped AdS5
backgrounds cannot be adapted to investigate the warped AdS4 backgrounds
that preserve N > 16 supersymmetries. Instead, a more detailed investigation
is required of the homogeneous structure of spacetime which is implied by the
homogeneity theorem.
First, one establishes that the warp factor A is constant. To prove this one first
uses the algebraic KSE, Ξ(+)σ+ = 0, to find iX˜dA = 0, where X˜ is a Killing
vector field of the internal space. As N > 16, the homogeneity theorem implies
that X˜ span the tangent of the internal space which gives that A is constant.
Thus the spacetime is a product AdS4 × Nd−4 and Nd−4 is a homogeneous
space G/H .
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Therefore, one has to identify the homogeneous spaces G/H that can occur
as internal spaces of N > 16 AdS4 backgrounds. To do this, one uses the
classification of all Killing superalgebras of AdS backgrounds and in particular
that of the Lie algebra of isometries of the internal spaces tabulated in table 6.
This together with the homogeneity theorem imply that LieG = t0 = so(N/4)
for AdS4 backgrounds with N > 16.
Further progress is made utilizing the classification of homogeneous spaces,
see [233, 263, 264]. In particular for d = 11 supergravity AdS4 backgrounds
have a 7-dimensional homogeneous internal space. All simply connected 7-
dimensional homogeneous spaces have been tabulated in table 10. It is straight-
forward to observe that the requirement that LieG = so(N/4) restricts the
number of homogeneous spaces that can occur as internal spaces of AdS4
backgrounds that preserve N > 16 supersymmetries to the first five in table
10. The rest of the proof proceeds with the analysis of each case separately
and gives that the only warped AdS4 backgrounds of d = 11 supergravity are
locally isometric to the maximally supersymmetric AdS4 × S7 solution.
One uses a similar methodology to establish the classification statement for
AdS4 backgrounds in section 12.7 for (massive) IIA and IIB supergravities.
This method can also be extended to prove a non-existence result for AdS2
and AdS3 backgrounds that preserve N > 16 supersymmetries [261, 265].
13 Conclusions
Significant progress has been made the last 15 years to classify the supersym-
metric backgrounds in all supergravity theories and explore their applications
in the context of string theory, M-theory, gauge theory, black holes and the
AdS/CFT correspondence. The task has been completed for a substantial class
of theories which include all those with a small number of supercharges in each
spacetime dimension. This has given an insight into the structure of all su-
persymmetric solutions and has led to a plethora of existence and uniqueness
theorems for backgrounds, including those of black holes and warped AdS
spaces, which otherwise would have been out of reach. We presented the clas-
sification of supersymmetric solutions in terms of only a few examples and
there are many other significant theories that could have been included. How-
ever, we endeavored to be concise and give a taste of how such proofs and
calculations can be carried out.
The emphasis in this review has been to describe the bilinears and spinorial
geometry methods that have been used to solve the KSEs of supergravity
theories. These methods cover all the theories that have been treated in the
literature. The solution of the KSEs is the first key step towards the classi-
141
fication of supersymmetric backgrounds. After obtaining the solution of the
KSEs, we proceeded to explain how to use it to identify the geometry of the
spacetime.
For the description of the geometry of supersymmetric backgrounds, we have
used partly local techniques and partly borrowed the language of bundles and
G-structures. These are sufficient for all practical purposes. We also presented
a taste of how powerful global techniques like index theory, Lichnerowicz type
theorems and the Hopf maximum principle can be used to prove general prop-
erties of supersymmetric backgrounds.
We have included in the review some other key properties of the supersymmet-
ric solutions like their Killing superalgebras and the homogeneity theorem, and
also the non-existence theorem for de-Sitter and Minkowski flux compactifi-
cations in supergravity. As applications, we demonstrated that the emergence
of conformal symmetry near supersymmetric Killing horizons is a generic phe-
nomenon in supergravity, which does not depend on the details of the black
hole solutions. We also classified the warped AdS backgrounds that preserve
N > 16 supersymmetries in d = 11 and d = 10 supergravities.
One of the last remaining challenges in this field is to solve the KSEs in d = 11
and d = 10 type II supergravities for backgrounds preserving any number
of supersymmetries. As has already been described, the geometry of N = 1
backgrounds is known and there is a classification of the maximally and nearly
maximally supersymmetric backgrounds. However very little is known about
the geometry of solutions that preserve an intermediate number of supersym-
metries. The final objective is to give a description of the geometries similar
to those of heterotic backgrounds as presented in section 7. It is encouraging
that there are strong constraints on the existence of special backgrounds that
preserve N > 16 supersymmetries like those for the AdS backgrounds we have
described. This indicates that the bulk of the task will be to understand the
geometry of backgrounds that preserve N ≤ 16 supersymmetries.
Of course in many applications the interest is focused on special types of so-
lutions, e.g. black holes or warped Minkowski and AdS flux compactifications.
For those there are many simplifications and a complete identification of all
such backgrounds may be possible. It is encouraging that there is increasing
detail in the understanding of AdS backgrounds which have applications in
the context of the AdS/CFT correspondence. It is very likely that in the next
few years there will be a complete understanding of the structure of all such
solutions.
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A Notation for forms
LetM be a manifold with a (local) coframe ei and coordinates yI. The exterior
derivative on a k-form,
ω =
1
k!
ωI1...Ik dy
I1 ∧ · · · ∧ dyIk = 1
k!
ωi1...ik e
i1 ∧ · · · ∧ eik , (A.1)
is
dω ..=
1
k!
∂I1ωI2...Ik+1dy
I1 ∧ · · · ∧ dyIk+1 . (A.2)
Therefore, one has (dω)I1...Ik+1 = (k+1)∂[I1ωI2...Ik+1] . The inner derivation iX
of a k-form ω with respect to a vector field X is
iXω ..=
1
(k − 1)!X
jωji1...ik−1e
i1 ∧ · · · ∧ eik−1 . (A.3)
Furthermore, it is convenient to set
ω2 ..= ωi1...ikω
i1...ik , ω2i1i2
..= ωi1j1...jk−1ωi2
j1...jk−1 , (A.4)
where the indices are raised with respect to a metric, ds2 = gij e
iej , on M .
The inner product of two k-forms χ and ω is
(χ, ω) ..=
1
k!
χi1...ikω
i1...ik . (A.5)
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Given a volume form dvol = 1
n!
ǫi1...indx
i1 ∧ · · · ∧ dxin, the Hodge dual of the
k-form ω is defined as
χ ∧ ∗ω = (χ, ω)dvol , (A.6)
for every k-form χ.
It is well-known that for every form ω, one can define a Clifford algebra element
/ω given by
/ω ..= ωi1...ikΓ
i1...ik , (A.7)
where Γi, i = 1, . . . n, are the Dirac gamma matrices. In addition we have
introduced the notation
/ωi1
..= ωi1i2...ikΓ
i2...ik , /Γωi1
..= Γi1
i2...ik+1ωi2...ik+1 . (A.8)
This significantly shorten some of expressions for the KSEs.
B Spinors and forms
There is an extensive literature on the representations of Clifford algebras and
Spin groups, see e.g. [266,267]. Here the emphasis is on an explicit realization
of the spinor representations of the Spin groups in terms of forms which is
used in the spinorial geometry approach to solving KSEs. We follow the con-
struction of [268] and [9] for the Euclidean and Lorentzian cases, respectively.
B.1 Euclidean
To realize the Dirac representation, c∆, of Spin(2n) in terms of forms, consider
the space of all (complex) forms on Cn, Λ∗(Cn), equipped with a Hermitian
inner product 〈·, ·〉 and set c∆ = Λ∗(Cn). Then gamma matrices act as
Γiζ = ei ∧ ζ + ieiζ , Γi+nζ = i(ei ∧ ζ − ieiζ) , i = 1, . . . , n , (B.1)
where ei is a Hermitian basis in Λ
1(Cn), 〈ei, ej〉 = δij , and ζ is a multi-degree
form in Λ∗(Cn). The operation iei is the inner derivation with respect to the
vector constructed from ei using 〈·, ·〉. The gamma matrices, ΓA, A = 1, . . . , 2n,
defined above are Hermitian with respect to 〈·, ·〉 and satisfy the Clifford al-
gebra relations ΓAΓB + ΓBΓA = 2 1 δAB. It is usual to label bases in the space
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of forms with upper indices. Here the basis {ei} has been labelled with lower
indices in order to distinguish the notation of spinors in terms of forms from
that used for forms on the spacetime.
In the Euclidean case, the Dirac inner product, D, is identified with the Her-
mitian inner product 〈·, ·〉 on Λ∗(Cn), D(·, ·) = 〈·, ·〉. As the gamma matrices
are Hermitian with respect to 〈·, ·〉,
〈ΓABη, ζ〉+ 〈η,ΓABζ〉 = 0 , (B.2)
and so D is invariant under the Lie algebra spin(2n) of Spin(2n). In fact D is
invariant under the action of Spin(2n) which is the double cover of SO(2n).
The Dirac representation of Spin(2n) is reducible and decomposes as c∆ =
c∆+ ⊕ c∆− into chiral and anti-chiral Weyl representations according to the
decomposition of Λ∗(Cn) into forms of even and odd degree, c∆+ = Λev(Cn)
and c∆− = Λodd(Cn), respectively.
Next consider the linear maps a ..=
∏n
i=1 Γi and b
..=
∏n
i=1 Γi+n. There are
two Spin(2n)-invariant bi-linears, the Majorana inner products, which can be
constructed on c∆ as
A(η, ζ) ..= 〈aη∗, ζ〉 , B(η, ζ) ..= 〈bη∗, ζ〉 , (B.3)
where η, ζ ∈ c∆ and η∗ is the complex conjugate of η. The bi-linearity of A
and B is assured because 〈·, ·〉 is anti-linear in the left entry. A straightforward
computation following the definitions reveals that
A(η,ΓAζ) = (−1)n−1A(ΓAη, ζ) , A(η,ΓAζ) = (−1)
(n+2)(n−1)
2 A(ζ,ΓAη) ,
B(η,ΓAζ) = (−1)nB(ΓAη, ζ) , B(η,ΓAζ) = (−1)
n(n−1)
2 B(ζ,ΓAη) . (B.4)
This confirms that both A and B are invariant under Spin(2n) and in addition
that one of them is also invariant under Pin(2n). Note that the Lie algebra
of the Pin group is spanned by ΓAB and ΓA. Furthermore, after lowering the
spinor indices of the gamma matrices with respect to A or B, these become
either symmetric or skew-symmetric.
So far, we have dealt with complex representations of Spin groups. Real rep-
resentations exist whenever a reality condition can be imposed on the complex
representations, i.e. there is an antilinear map R which commutes with the
action of Spin on c∆ and R2 = 1. Such maps are not unique since if R is
a reality condition, then eiθR is also a reality condition for any angle θ. To
proceed consider the anti-linear maps maps rA = a∗ and rB = b∗. One can
verify that
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r2A=(−1)
n(n−1)
2 1 , rA ΓA = (−1)n−1ΓA rA ,
r2B=(−1)
n(n+1)
2 1 , rB ΓA = (−1)nΓA rB . (B.5)
Therefore there are real representations with reality conditions either RA =
eiθrA or RB = eiθrB provided that [n2 ] ∈ 2Z. If in addition Rc∆± ⊂ c∆±,
then there are Majorana-Weyl representations. So there are Majorana-Weyl
representations iff n ∈ 4Z.
There is an oscillator basis in the space of Dirac spinors which we use to solve
the KSEs. To see this, write the gamma matrices (B.1) in a Hermitian basis
as
γα =
1√
2
(Γα − iΓα+n) =
√
2 eα∧, γα¯ = 1√
2
(Γα + iΓα+n) =
√
2 ieα ,(B.6)
and set γα¯ = δα¯βγβ and γ
α = δαβ¯γβ¯. One can verify that γαγβ + γβγα = 0 and
γαγβ¯ + γβ¯γα = 21 δαβ¯ . It is clear that the whole Dirac representation can be
constructed by acting with the “creation operators” γα¯ on the Clifford vacuum
represented by the 0-degree form 1. In curved spaces, a choice of a spacetime
coframe which is compatible with the realization of gamma matrices as in
(B.6) is referred to as either an (almost) Hermitian coframe or a “spinorial
geometry coframe”.
One way to realize the spinor representation of Spin(2n+1) in terms of forms
is to add an additional gamma matrix Γ2n+1 to those of Spin(2n) proportional
to
∏2n
A=1 ΓA. The Dirac representation of Spin(2n + 1) will coincide with the
complex representation of Pin(2n). Moreover for n even, Spin(2n + 1) will
admit a Majorana representation provided that Pin(2n) admits one. Similarly
for n odd, Spin(2n + 1) will admit a Majorana representation provided that
Pin(2n) admits one.
B.2 Lorentzian
The realization of spinor representations of Spin(2n− 1, 1) in terms of forms
proceeds as in the Euclidean case described in the appendix above. Let Cn
be equipped with a Hermitian inner product 〈·, ·〉 and a Hermitian basis
{e1, . . . , en}. The Dirac representation is identified with c∆ = Λ∗(Cn) and
the gamma matrices act as
Γ0ζ =−en ∧ ζ + ienζ , Γnζ = en ∧ ζ + ienζ ,
Γiζ = ei ∧ ζ + ieiζ , Γi+nζ = i(ei ∧ ζ − ieiζ) , i = 1, . . . , n− 1 , (B.7)
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where ζ ∈ Λ∗(Cn), and ien and iei are the inner derivations with respect to the
vectors constructed from en and ei. A straightforward computation reveals that
the gamma matrices satisfy the Clifford algebra relation ΓAΓB+ΓBΓA = 21ηAB,
where η is the Lorentzian metric with mostly plus signature.
The Dirac inner product D is defined as
D(η, ζ) ..= 〈Γ0η, ζ〉 , (B.8)
and it can be shown to be Spin(2n−1, 1) invariant, where Spin(2n−1, 1) is the
component of the spin group connected to identity element. Observe that the
standard Hermitian inner product 〈·, ·〉 is not invariant. This inner product is
also written as D(η, ζ) = η¯ζ , where η¯ is called the Dirac conjugate of η. Again
the Dirac representation of Spin(2n − 1, 1) is reducible and decomposes as
c∆ = c∆+⊕ c∆− into Weyl chiral and anti-chiral representations according to
the decomposition of Λ∗(Cn) into forms of even and odd degree, respectively.
Next consider the linear maps a =
∏n
i=1 Γi and b = Γ0
∏n−1
i=1 Γi+n. There are
two Spin(2n− 1, 1)-invariant bi-linears which can be constructed on c∆ given
by
A(η, ζ) = 〈aη∗, ζ〉 , B(η, ζ) = 〈bη∗, ζ〉 , (B.9)
where η, ζ ∈ c∆. A straightforward computation following the definitions re-
veals that
A(η,ΓAζ) = (−1)n−1A(ΓAη, ζ) , A(η,ΓAζ) = (−1)
(n+2)(n−1)
2 A(ζ,ΓAη) ,
B(η,ΓAζ) = (−1)nB(ΓAη, ζ) , B(η,ΓAζ) = (−1)
n(n−1)
2 B(ζ,ΓAη) . (B.10)
It is clear that both A and B are invariant under Spin(2n − 1, 1) and in
addition that one of them is also invariant under Pin(2n − 1, 1). Also the
gamma matrices are either symmetric or skew-symmetric with respect to these
bi-linears.
In the Lorentzian case, real representations are constructed by relating the
Dirac and Majorana conjugates. So one considers the anti-linear maps rA ..=
Γ0a∗ and rB ..= Γ0b∗ and after some straightforward calculation finds that
r2A = (−1)
(n+2)(n−1)
2 1 , rAΓA = (−1)nΓArA ,
r2B = (−1)
n(n−1)
2 1 , rBΓA = (−1)n−1ΓArB . (B.11)
Imposing a reality condition R which is proportional to rA and rB up to a
phase, one finds that Spin(2n − 1, 1) has real representations provided that
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[n−1
2
] ∈ 2Z. Moreover, there are Majorana-Weyl representations provided n ∈
4Z+1. The linear maps CA = Γ0a and CB = Γ0b are called charge conjugation
matrices.
The Dirac representation admits an oscillator basis as in the Euclidean case.
In particular, one has that
γ− =
1√
2
(Γn − Γ0) =
√
2 en ∧ , γα = 1√
2
(Γα − iΓα+n) =
√
2 eα ∧ ,
γ+ =
1√
2
(Γn + Γ0) =
√
2 ien , γα¯ =
1√
2
(Γα + iΓα+n) =
√
2 ieα (B.12)
satisfy the Clifford algebra relation γAγB+γBγA = 21ηAB, where now the non-
vanishing component of the Lorentzian metric η in this basis are η+− = 1 and
ηαβ¯ = δαβ¯ . It is clear that the whole Dirac representation can be constructed
by acting with the “creation operators” (γ+, γα¯) on the Clifford vacuum rep-
resented by the 0-degree form 1, where γA = ηABγB. This basis is analogous to
the Hermitian basis in the Euclidean case described in the previous appendix.
The difference is the two light-cone directions it contains. On curved spaces,
there is a (local) spacetime coframe for which the gamma matrices take the
form (B.12). In the spinorial geometry approach, the solutions to the KSEs
are expressed in such a coframe. Because of this, we shall refer to such coframe
as a “spinorial geometry coframe”.
The construction of spinor representations of Spin(2n, 1) can be done in a
way similar to the one we have explained for Spin(2n + 1). Though here
for the realization of the Majorana representations of Spin(2n, 1) in terms
of forms, one can begin from Majorana representations of either Spin(2n) or
Spin(2n − 1, 1). This has been utilized in the solution of the KSE of d = 11
supergravity for N = 1 backgrounds.
C Group manifolds, symmetric and homogeneous spaces
C.1 Homogeneous spaces
A detailed exposition of the geometry of group manifolds, symmetric and
homogeneous spaces can be found in [269]. Here we summarize some basic
properties of the latter which have been used throughout the review. Consider
the left coset space G/H , where G is a Lie group which acts effectively from
the left on G/H and H is a closed Lie subgroup of G. Let us denote the Lie
algebras of G and H with g and h, respectively, and assume that there is a
decomposition g = h⊕m such that
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[hα, hβ] = fαβ
γ hγ , [hα, mA] = fαA
BmB ,
[mA, mB] = fAB
C mC + fAB
α hα , (C.1)
where hα, α = 1, 2, ..., dim h and mA, A = 1, ..., dim g − dim h are bases in h
and m, respectively. If fAB
C = 0, that is [m,m] ⊆ h, G/H will be a symmetric
space.
Let s : U ⊂ G/H → G be a local section of the coset. The decomposition of
the Maurer-Cartan form in components along h and m is
s−1ds = ℓAmA +Ψα hα , (C.2)
which defines a local left-invariant coframe ℓA and a canonical left-invariant
connection Ψα on G/H . The curvature and torsion of the canonical connection
are
Rα ..= dΨα +
1
2
fβγ
αΨβ ∧Ψγ = −1
2
fBC
αℓB ∧ ℓC ,
T A ..= dℓA + fβC
AΨβ ∧ ℓC = −1
2
fBC
AℓB ∧ ℓC , (C.3)
respectively, where the equalities follow after taking the exterior derivative of
(C.2) and using (C.1). If G/H is symmetric, then the torsion vanishes.
Left-invariant metrics ds2 and p-forms ω on G/H can be written as
ds2 = gABℓ
AℓB , ω =
1
p!
ωA1...Ap ℓ
A1 ∧ ... ∧ ℓAp , (C.4)
respectively, where the components gAB and ωA1...Ap are constant and satisfy
fα(A
CgB)C , fα[A1
B ωA2...Ap]B = 0 . (C.5)
The latter condition is required for invariance under the right action ofH onG.
All left-invariant forms are parallel with respect to the canonical connection.
For symmetric spaces, the canonical connection coincides with the Levi-Civita
connection of invariant metrics. However for the rest of the homogeneous
spaces this is not the case as the canonical connection has non-vanishing tor-
sion. Let Ω be the Levi-Civita connection of an invariant metric ds2 in the
left-invariant coframe. As the difference of two connections is a tensor, we set
ΩAB = Ψ
αfαB
A + ℓCQC,
A
B . (C.6)
Requiring that Ω is metric and torsion free,
ΩAB + ΩBA = 0 , dℓ
A + ΩAB ∧ ℓB = 0 , (C.7)
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respectively, one finds that
ΩAB = Ψ
α fαB
A +
1
2
(gAD fDB
E gCE + g
AD fDC
E gBE + fCB
A) ℓC . (C.8)
In turn, the Riemann curvature 2-form RAB is
RAB =
1
2
(QC,
A
E QD,
E
B −QD,AE QC,EB −QE,AB fCDE − fCDα fαBA) ℓC ∧ ℓD .
(C.9)
Note that the expression for ΩAB is considerably simplified whenever the coset
space is naturally reductive because the structure constants fABC = fAB
E gCE
are then skew-symmetric.
C.2 Cahen-Wallach spaces
Cahen-Wallach spaces CWn are plane-wave spacetimes which are also sym-
metric spaces. In Brinkmann coordinates, their metric can be written as
ds2 = 2dv(du+ Aijy
iyjdv) + δijdy
idyj , (C.10)
where A is a constant matrix.
A subclass of CWn spaces are also group manifolds. To identify these, consider
the non-vanishing Lie bracket commutators
[ti, tj] = −βij t+ , [t−, ti] = βji tj , (C.11)
where {t+, t−, ti : i = 1, . . . , n − 2} are some generators and (βij) is a non-
degenerate skew-symmetric matrix, βij = δikβ
k
j. These give rise to the Maurer-
Cartan relations
dℓ− = 0 , dℓi = −βijℓ− ∧ ℓj , dℓ+ = 1
2
βijℓ
i ∧ ℓj , (C.12)
where ℓ = ℓ−t− + ℓ+t+ + ℓiti is a left invariant coframe. These can be solved
as
ℓ− = dv , ℓi = dxi + βijxjdv ,
ℓ+ = du+ βijx
idxj − 1
2
βkiβ
k
jx
ixjdv , (C.13)
for some coordinates (u, v, xi). The most general bi-invariant metric up to an
overall scale and a redefinition of ℓ+ as ℓ+ → ℓ+ + λℓ− is
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ds2 = 2ℓ−ℓ+ + δijℓiℓj . (C.14)
Substituting (C.13) into the metric, and after a further coordinate transfor-
mation y = e
1
2
vβx, one finds (C.10) for Aij = −18βkiβkj. Observe that without
loss of generality β can be chosen to be in block-diagonal form in which case
A becomes a diagonal negative definite matrix. Amongst the CWn spaces that
are group manifolds, CW6 with self-dual structure constants β appears in the
description of supersymmetric backgrounds in d = 5 and d = 6 supergravities
as well as in the heterotic theory.
D Fierz identities for d = 5 supergravity
Let ǫ1, ǫ2, ǫ3, ǫ4 be Dirac spinors of Spin(4, 1). These satisfy the following Fierz
identity
D(ǫ1, ǫ2)D(ǫ3, ǫ4) =
1
4
D(ǫ1, ǫ4)D(ǫ3, ǫ2) +
1
4
D(ǫ1,ΓAǫ4)D(ǫ3,Γ
Aǫ2)
− 1
8
D(ǫ1,ΓABǫ4)D(ǫ3,Γ
ABǫ2) , (D.1)
where D is the Dirac inner product given in (B.8). This Fierz identity is
equivalent to
D(ǫ3, ǫ4)ǫ2=
1
4
D(ǫ3, ǫ2)ǫ4 +
1
4
D(ǫ3,ΓAǫ2)Γ
Aǫ4
− 1
8
D(ǫ3,ΓABǫ2)Γ
ABǫ4 . (D.2)
These Fierz identities differ from those used in [8], because in that work a
mostly minus signature spacetime metric was used, whereas here we use a
mostly plus metric. Given a spinor ǫ, we use the Fierz identities to obtain
algebraic conditions on the bilinears defined in (101) and (102).
(i) Setting ǫ1 = ǫ2 = ǫ3 = ǫ4 = ǫ gives
− 3
4
f 4 =
1
4
X2 − 1
8
(ω1)
2 . (D.3)
(ii) Setting ǫ1 = ǫ4 = rAǫ, ǫ2 = ǫ3 = ǫ gives
1
4
f 4 =
1
4
X2 +
1
8
(ω1)
2 . (D.4)
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(iii) Setting ǫ1 = ǫ2 = rAǫ, ǫ3 = ǫ4 = ǫ gives
ξABξ¯
AB = 8f 4 . (D.5)
(iv) Setting ǫ1 = ǫ2 = ǫ3 = ǫ, ǫ4 = rAǫ gives
(ω1)ABξ
AB = 0 . (D.6)
(v) Setting ǫ1 = ǫ3 = ǫ, ǫ2 = ǫ4 = rAǫ gives
ξ2 = 0 . (D.7)
In particular, these conditions also imply that
X2 = −f 4 , (D.8)
so the vector bilinear is either null or timelike depending on whether f = 0 or
f 6= 0 respectively. Furthermore, we also have
(ω1)
2 = 4f 4 . (D.9)
In obtaining these expressions we have made use of the identities
D(rAǫ1, rAǫ2) = D(ǫ2, ǫ1) , (D.10)
and
D(ΓAǫ1, ǫ2) = −D(ǫ1,ΓAǫ2), D(ΓABǫ1, ǫ2) = −D(ǫ1,ΓABǫ2) , (D.11)
which imply
D(rAǫ,ΓArAǫ) = D(ǫ,ΓAǫ), D(rAǫ,ΓABrAǫ) = −D(ǫ,ΓABǫ) . (D.12)
Further algebraic conditions, which are also useful in determining the various
types of projection conditions which the spinors must satisfy are obtained by
considering the Fierz identity (D.2). In particular, on setting ǫ2 = ǫ3 = ǫ4 = ǫ,
and also ǫ2 = ǫ3 = rAǫ, ǫ4 = ǫ and comparing the expressions gives
XAΓ
Aǫ = if 2ǫ , (D.13)
and
(ω1)ABΓ
ABǫ = −4if 2ǫ . (D.14)
Also, setting ǫ3 = ǫ4 = ǫ, ǫ2 = rAǫ gives
ξABΓ
ABǫ = −8if 2ǫ , (D.15)
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and setting ǫ3 = ǫ, ǫ2 = ǫ4 = rAǫ leads to
ξ¯ABΓ
ABǫ = 0 . (D.16)
The condition (D.14) implies that
D(ǫ,ΓL(ω1)ABΓ
ABǫ) = D(ǫ,−4if 2ΓLǫ) , (D.17)
which on taking real and imaginary parts gives
iXω1 = 0 , (D.18)
and
(ω1)AB
∗(ω1)CAB = 4f 2XC . (D.19)
Similarly, (D.15) and (D.16) lead to
iXξ = 0, ξAB
∗(ω1)CAB = 0, ξAB∗ξ¯CAB = 8f 2XC, ξAB∗ξCAB = 0 .
(D.20)
Next, note that (D.13) implies that
D(ǫ,ΓABXCΓ
Cǫ) = if 2(ω1)AB, D(ǫ,ΓABXCΓ
CrAǫ) = if
2ξAB , (D.21)
which in turn gives that
iX
∗(ω1)AB = −f 2(ω1)AB, iX∗ξAB = −f 2ξAB . (D.22)
Additional bilinear identities are then obtained from (D.1) on setting
(a) Setting ǫ1 = ǫ3 = ǫ, ǫ2 = ΓBǫ, ǫ4 = ΓAǫ gives
(ω1)CA(ω1)
C
B = XAXB + f
4gAB . (D.23)
(b) Setting ǫ1 = ǫ3 = ǫ, ǫ2 = ΓBrAǫ, ǫ4 = ΓAǫ gives
(ω1)C(Aξ
C
B) = 0 . (D.24)
Furthermore, the identity (D.14) implies that
D(ǫ,ΓAB(ω1)CDΓ
CDrAǫ) = 4if
2ΓABrAǫ , (D.25)
which implies that
(ω1)BCξA
C − (ω1)ACξBC = 2if 2ξAB . (D.26)
It follows that
(ω1)BCξA
C = if 2ξAB . (D.27)
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(c) Setting ǫ1 = ǫ3 = ǫ, ǫ2 = ΓBrAǫ, ǫ4 = ΓArAǫ gives
ξCAξ
C
B = 0 , (D.28)
on using (D.7).
(d) Setting ǫ = rAǫ, ǫ2 = ΓBrAǫ, ǫ3 = ǫ, ǫ4 = ΓAǫ gives
ξ¯CAξ
C
B + ξ¯CBξ
C
A = 4XAXB + 4f
4gAB . (D.29)
Also, the condition (D.15) implies that
D(rAǫ,ΓABξCDΓ
CDǫ) = −8if 2D(rAǫ,ΓABrAǫ) , (D.30)
and hence
ξ¯A
CξBC − ξ¯BCξAC = 4if 2(ω1)AB . (D.31)
It follows that
ξ¯CAξ
C
B = 2if
2(ω1)AB + 2XAXB + 2f
4gAB . (D.32)
This completes the Fierz identities needed to solve the KSEs of N = 1 d = 5
supergravity.
E d = 11 and type II d = 10 supergravities
Here we summarize key properties of d = 11 and IIB d = 10 supergravities
that we are using throughout the review. Some additional formulae which
include the integrability conditions of the KSEs are also given.
E.1 d = 11 supergravity
The action of the bosonic fields of d = 11 supergravity [174] is
I =
∫
M
(1
2
R dvol+1
4
F ∧ ⋆F + 1
12
F ∧ F ∧ A) , (E.1)
where F = dA, A is the 3-form gauge potential, R is the scalar curvature of the
metric g and dvol is the spacetime volume form. For a superspace formulation
see [270].
The KSE of d = 11 supergravity has already been given in (275) and the su-
percovariant derivative D has been presented in (276). The supersymmetry pa-
rameter ǫ is in the 32-dimensional Majorana representation ∆32 of Spin(10, 1).
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The integrability condition of the gravitino KSE is
[DM ,DN ]ǫ ≡ RMNǫ = 0 , (E.2)
where R is the curvature of the supercovariant connection [10]
RMN = 14RMN,ABΓAB +
2
(288)2
FA1...A4FB1...B4ǫMN
A1...A4B1...B4
CΓ
C
+ 48
(288)2
[
4FMA1A2A3F
A1A2A3
BΓ
B
N − 4FNA1A2A3F A1A2A3BΓBM
−36FABMCF ABNDΓCD + FA1...A4F A1...A4ΓMN
]
+ 1
36
[
∇MFNA1A2A3 −∇NFMA1A2A3
]
ΓA1A2A3
− 8
(288)23
[
FB1...B4FC1C2C3NǫM
B1...B4C1C2C3
A1A2A3 − (N ↔ M)
]
ΓA1A2A3
− 1
432
[
4FCA1A2A3F
C
MNA4Γ
A1...A4
+3FBCA1A2F
BCA3
NΓ
A1A2
MA3
− 3FBCA1A2F BCA3MΓA1A2NA3
]
− 1
288
[
∇MFA1...A4ΓA1...A4N − (N ↔ M)
]
− 1
(72)25!
[
− 6FMB1B2B3FNC1C2C3ǫB1B2B3C1C2C3A1...A5
−6FMPB1B2F PC1C2C3ǫNB1B2C1C2C3A1...A5
+6FNPB1B2F
P
C1C2C3
ǫM
B1B2C1C2C3
A1...A5
+9FLPB1B2F
LP
C1C2ǫMN
B1B2C1C2
A1...A5
]
ΓA1...A5 , (E.3)
and where we have used that
ΓA1...A2k = − (−1)k
(11−2k)!ǫ
A1...A2k
B1...B11−2kΓ
B1...B11−2k , (E.4)
with ǫ01...9♮ = −1.
One expects that ΓBRAB can be expressed in terms of the field equations
and Bianchi identities as it arises from the supersymmetry variation of the
gravitino field equation. A direct computation reveals [185] that
ΓBRAB =EABΓB − 136LFC1C2C3(ΓAC1C2C3 − 6δC1A ΓC2C3) +
+ 1
6!
BFC1...C5(ΓA
C1···C5 − 10δC1
A
ΓC2···C5) , (E.5)
where
EAB ..=RAB − 112FAC1C2C3FBC1C2C3 + 1144gABFC1···C4F C1···C4 ,
LFABC ..= ∗(d ∗ F + 12F ∧ F )ABC ,
(E.6)
are the Einstein and 4-form flux field equations, respectively, and
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BFA1...A5
..= (dF )A1...A5 , (E.7)
is the Bianchi identity of F . Clearly, this vanishes provided that F is closed
which is the case in the context of d = 11 supergravity.
E.2 IIB supergravity
The bosonic fields of IIB supergravity [192, 193] are the spacetime metric g,
two real scalars, the axion σ and the dilaton φ, which are combined into a
complex 1-form field strength P , two 3-form field strengths G1 and G2 which
are combined to a complex 3-form field strength G, and a self-dual 5-form field
strength F . To describe these, we introduce a SU(1, 1) matrix U = (V a+ , V
a
−),
a = 1, 2 such that
V a−V
b
+ − V b−V a+ = ǫab , (E.8)
where ǫ12 = 1 = ǫ12, (V
1
−)
∗ = V 2+ and (V
2
−)
∗ = V 1+. The signs denote U(1) ⊂
SU(1, 1) charge. Then set
PM ..= −ǫabV a+∂MV b+ , QM ..= −iǫabV a−∂MV b+ . (E.9)
The 3-form field strengths Ga
MNR
= 3∂[MA
a
NR], with (A
1
MN
)∗ = A2
MN
combine
into the complex field strength
GMNR ..= −ǫabV a+GbMNR . (E.10)
The five-form self-dual field strength is
FM1M2M3M4M5
..= 5∂[M1AM2M3M4M5] +
5i
8
ǫabA
a
[M1M2G
b
M3M4M5] , (E.11)
where FM1...M5 =
1
5!
ǫM1...M5
N1...N5FN1...N5 and ǫ01...9 = −1. The axion σ and the
dilaton φ fields can be combined into a complex scalar, τ ..= σ+ ie−φ. In turn
this is related to V as
V 2−
V 1−
=
1 + iτ
1− iτ . (E.12)
This completes the description of the bosonic fields of the theory.
The KSEs of IIB supergravity are the gravitino KSE which is the parallel
transport equation
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Dǫ = 0 , (E.13)
of the supercovariant connection
DM ..= ∇˜M+ i
48
ΓN1...N4FN1...N4M−
1
96
(ΓM
N1N2N3GN1N2N3−9ΓN1N2GMN1N2)C ∗ ,
(E.14)
and the algebraic KSE
Aǫ ..= PMΓMCǫ∗ + 1
24
GN1N2N3Γ
N1N2N3ǫ = 0 , (E.15)
where
∇˜M = DM + 1
4
ΩM ,ABΓ
AB , DM = ∂M − i
2
QM ,
is the spin connection, ∇M = ∂M + 14ΩM ,ABΓAB, twisted with the U(1) con-
nection QM , Q
∗
M
= QM . The supersymmetry parameter, ǫ, is a complex Weyl
spinor, Γ0...9ǫ = ǫ, and C is a charge conjugation matrix.
The integrability conditions of the KSEs are
[DM ,DN ]ǫ = RMNǫ = 0 , (E.16)
and
[DM ,A]ǫ = 0 , (E.17)
where R is the supercovariant curvature given in [14]. The components IA =
1
2
ΓA
BCRBC and I = ΓM [DM ,A] of the integrability conditions can be expressed
in terms of field equations and Bianchi identities [188] as
IAǫ=
[
1
2
ΓBEAB − iΓB1B2B3LF AB1B2B3
]
ǫ
−
[
ΓBLGAB − ΓAB1...B4BGB1...B4
]
Cǫ∗ , (E.18)
and similarly as
Iǫ =
[
1
2
ΓABLGAB + Γ
A1...A4BGA1...A4
]
ǫ+
[
LP + ΓABBPAB
]
Cǫ∗ , (E.19)
where
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EAB :=RAB − 12gABR− 16FAC1...C4FBC1...C4 − 14G(AC1C2G∗B)C1C2
+ 1
24
gABG
C1C2C3G∗
C1C2C3
− 2P(AP ∗B) + gABP CP ∗C ,
LGAB :=
1
4
(∇˜CGABC − P CG∗ABC + 2i3 FABC1C2C3GC1C2C3) ,
LP := ∇˜APA + 124GA1A2A3GA1A2A3 ,
LF A1...A4 :=
1
3!
(∇BFA1...A4B − i288ǫA1...A4B1...B6GB1B2B3G∗B4B5B6) ,
BF A1...A6 :=
1
5!
(∂[A1FA2...A6] − 5i12G[A1A2A3G∗A4A5A6]) ,
BGA1...A4 :=
1
4!
(D[A1GA2A3A4] + P[A1G
∗
A2A3A4]
) ,
BPAB :=D[APB] . (E.20)
One can show that LF and BF are not independent but are related by
the self-duality condition on F . The field strengths P and G have different
U(1) ⊂ SU(1, 1) charges. In particular, one has DMPN ..= ∂MPN − 2iQMPN
and DMGN1N2N3
..= ∂MGN1N2N3 − iQMGN1N2N3 . This concludes the description
of the KSEs, field equations and Bianchi identities of the theory.
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